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CPJapter 22 



APPROXIMATIONS 



22-1, A Famous Problem 

' ' • % '. 

What is the shape of the mpst' 

beautiful rectangle? ■. According to 
the ancient 'Greeks, the rectangle 
ABCD shown here has the most 
beautiful shape ;if, when W is ^ 
drawH^ao • that / AEFD is a square, 
-the remaining', ^ct angle BCFE. is 
^imiiay- to the original rectai^.e 
ABCD.. . A 

r • 



<i ■" Let us 'see what this^ means 

in'^erms of numbers. We choose the 

unit of length so that the altitude 
. .> . ■ ■ I ■ 

of-. ABCD is 1- ^ Let EB x. 

If BGFB and ABCD. are similar, ^ 



1 + X • 




This - result may b^ more apparent if we d\ 
in a" ^ifferent pos-j%ion. * ' . ' 



ig^ire la 























/ 1 • 


■.X 



Figure lb 

e rectangles. ABCD 




and 



9 



\ 
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1 .+ X 



. B 



Figure Ic ^ 



Therefore the Greek requirement atnountG ijb saying -that th^ most 
^ beautiful rectangl^^ ( o£ten -c^lleO f ae ^^Weh rectanf^le) is one for which 



THe fi^re sliows the graphs 



^of y = X and y = TTlr^ 



, * The 



, graph of .,y =^ x is familiar. To 
.■ graph y - locate the; ^ 

■ points (0, 1), ( |; 1-0 and 



(1, I ) 'and notice that -^-77; 
(fecreases as x gets' larger. 



y = X 




Fip:ure 2 



The tVo gMphs int^sect at a point P whose ^-coordinate is 

' 1 \ . 
betweenr ^ ^J^^ -^'^ ^ '-^ 



Since \p-' lies on both graphs, the value of y given by y = x must 



be the same aG\ the value of y given by y ~ 



^horefore at P 



1 + X 



We 



W*sh- to find* 5^ so that this iS^ true. 



r 




* The straight line is ^bove the curve to the right of. the intersection 
P and below the curve to the .left of P. ' , 



For' the function 



f- : X -> 



'1 



1 + X 



we wish the output (t— — ") to equal the input x. ' If we start with 

X T X , r 

X = 1 , we obtain the output ^ , which o'f course is not equal to 1, 

• 1 

But suppose that we feed back the output ^ ^ new input.- This gives 
1 - 



= ~ as a new output. This resu.lt is fed back into the function as 

an input and so, on. The following table shows the successive results. 
Notice that the inputs are- - 



alternately greater and less 
than the corresponding out- 
puts, as the inequality signs ■ 
show. - 

Moreover, the approxima- 
tions are getting ■c^.oser ■ 
Since i = .625 



Input X 



Output 



1 + X 




have squeezed the required- 
answer into an interval 
less than .01' in length. 



1 
2 

2 

3 

5 

1 
8 



> 



1 
2 

3 

1 

•5 

1 
8 



Table 1 



I : J. 



/ But before carrying the^pproximation further it is interesting to 
notice that ^ and ^ are both reasonably alose to the number that we. 



require. 



So, if the Greeks were right, either a 3X5 ..card or a -5 
card should be very pleas ing l:o ' the'' ^ye. It is perhaps no accident ttt^t 
cards' of these sizes are in fact very popular. 



Exercises 22-la 
(Class Discussion)" 



- a piece of graph paper, draw a rectangle 8 units long and 5 

units vide. (Choose your unit so that the rectangle is as large as- possible. ) 
Show the 3x5 .rectangle which remains when a sqmre 5 units on a^side 
, is marked off, Draw a second ,5 X.8 rectangle with a 3 X 5 rectangle in • 
one corn^. Are these rectangles similar?. You can test similarity % . - 
determining whether two diagonals are collinear. Explain. ^ . ■ ■ ^ 



\ 



V 



We shall npw show the '"fj?ed- 

ba-ck" method on the graph, .starting 

with the input 1.' The output is ^ 

: AB-.= ^ , the' ordinate of the point 

B on the graph of y = -j ^ 
1 ■ « 

'wish to use ^ the next input. 

1 * 

We choose • 00 = AB = - . Then 



CD = — is the new 



oibpi 



-put. 




Fiffure 3.. 



But notice that CD crosses the^ liV y. - x at a point E 
■on the same level as b: We migh.t have expected this because if 
CE = 00 and we chose 00 = AB. , / 

. ^ Let us draw, a new figure to _ y ^ . ■ 

bring out the facts more clearly^. 

;o up to ^ on 
across to E 
D on 



^which 

y = 



on 



Start at' A^ 
' _ 1^ ' 
^ " 1 + X ^ 
y = X . and up to 

y ^= ^j— i — . Tp continue we 



1 + X 

must feed in CD K^. 



^***-$his. gives \is 



OF. 




Figure h_ 



^ J 

8 



We shov the essentials in 
Figure 5 where we can arrive at 
G by the path ABEDHG. 




Figure 2 



Exercises 22-lb ' ' 

1. . Measure some paperback books and divide the width of the front cover 
' " ■ by the height of the front cover to see .w^at numbers you get/ 
..(Reduce to decimals and compare with the numbers which we .have 
been calculating.; ' . " , 

y 

■2, Continue the "feedback" process ■ started in the t^xt where . each new 

■ f 1 o 

choice of x is the p rev i oiis . value of ^ ^ ^ . Start with x =■ 

. and write the next three, approximations in fractional form. Write 
the last two approximations just obtained in decimal form (carry the 
"results to at least k decimal places) , 
3. ' :By listing the fraction^ in Table 1 that approximate x and alsc^the^ 
other fractions found in' Exercise 2, see if you can continue the ■ 
list to include five more items simply by observijig the .pattern^ 

1 . • 



Suppose that for some input a, in the functioh f ^: x 

1 ■ 



1-.+ X 



a < 



Let b represent t?le output 



1 + a 
1 



1 + a. 

Show that if next time we use b ss the input / then 

>^>rrb- 

That is, if a is too small, then b is too large. ^ 

•Hint": SVart with « a < b, and add 1 to bpth sides of tl:|e inequality 

.• "to ■ .■ ' ■ 



'^th ' a - 



0 



Prove that 



1 + a 



1 + b 



. and therefore 



b > 



1 + b ' , 

Repeat the proof in Exercise h after interchanging > and < 



Show that a diagonal of the 
golden rectangle must be 
perpendicular to 'a diagonal 
of the smaller rectangle 
that" remains when a square 
is cut of/f. / 



D 




Copy Figure 5 i^i this section on graph paper' using a-laj-ge scale' 
and drawing the graph of y = ^ ^ with great care. Continue the 
construction as far as practicable. What seems to happen? 

, In this picture of the Parthenon, measure the dimensions of ' 
the rectangle shown. Divide the longer dimension by the shorter 
and' compare the reslilt with 1.62. . ^ 



22-2. The Golden Mean 

*\Ef we continue the process started . in idie previous section, it turns ^ 
out that to nine decimal places 

. - X =^'.618033989- 

If a line segment' AB : v ' *' ■ 

1 



P . B 



- , , p6 AP PB . ^ * 

is divided by a point P into two parts so that ^ ^ J} caliea ^ 

•the golden mean . Hence, if AP = 1 . is the unit of length and ^PB = x. 



then ' 



■ 1 1 + X 

This equation has an approximate solution .618.. , as Me have seen* ^ 

We -may well-asl? whether this solutio^a is rat ional or Irrational . In 
other words, does there exist any choice oT integers ^.p and q so *^at ' 



that is, so that 



(1) • . ^ 



q p + q 

. ♦ . We use the same method that was used to prove the. . irrationality 

of' ^rT~ . • • . 

^ If- there is a solution of (l), then the frciction can be written 

in lowest terms^. If this is done and if ^ ^ is equal to j ^^"^^ 
be true that the denominator p + q is a multiple of q. That is, 

• p + q q., ^-q, ^o^' '3^i °^ — 

and 

p = 0, or q, or 2q^ or. 



Finally 



^ - 0, or' .1 , or* 2, or. 



Since' we assumed that x' = ^ anu i<^. 0 < x < 1 ,.there is no 

^ • 

" fraction ^ which can be equal to. x. " That is, x is irrational . 

As you know, this means'- that the decimal representation of is non- 
terminating and non-repeating. ^ 



Exercises 22-2 



1 1 ."^2 3 , 5 8 . n\ . 
; 1., In 'the list of appi;pxiTflatioris ^ ' 2 ' 3 ' 5 ' o ' 13 ^ 21 ^ ' * ' 
. . • discover a mle which enables you to write any fraction fi^om the,-*, , 
preceding one iij^the list. v ■' - 

^ '2. Follow' the method of/ this section to show thaf 'there is no rational 



P . "r-v 1 ^ , ^ . , 

number x ^'-^ whicn x = — TTo • ' ' " " 

q - - A & • * 

Show that ' " • 

has a rational solution only if -c = n(n-+ l). ijfote that n( n + l) 

represents the produci pl^wo successive integers^'^ n ind n + 1. 
In this -case, n is a solution of x' = y. ^ i • Hint : Show that if 

£ is a solution of x = • — it must be true that ^ = 0 or 1 

q x + 1- .' 4. ^ 



or 



2- or . , . , that is, ^ must be an integer • n. In this 

q. 



case, c must be n(n + l). 



22-3. ' The Fibona<;ci Numbe rs \. : 

Let^us return, to the fractions'" which we have in the attempt to 

solve the equation . - . ' ■ ^ 



X = 



1 + X 



12 

21 



^ . 1 1 2 3' 5 ^ 

Written in succes'bion these fractions are p ^ 2 ' 3 ' 5 ' 8 ' 13 ' 



Notice that 

■ tl) The numerator of each .fraction (after the- first) is th^ 
• same as. -t'he denominatpi; of the previous fraction. / 

(.2) The dencrminator of each fraction^ ( after the first) is the 
sum of the nUTfterator and denominator oT the previous 
fraction. 

More briefly, -if ^ is one- fi-actibn in the .list, the next one is 



a + b' 



12 



The list of numbers used for the numerators and denominators, that, is 
1,1,. 2,, 3,. 5,. 8,- 13,^21, 3V, 55, 89,... . " 
is a famt)us one. Each number (after the first two) is the sum of the 
preceding two'* numbers. These' numbers are called the Fibonacci nurfibers , after 
Leonardo Fibonacci (117O-125O) a;'.great mathematician also called Leonardo- 
of. Pisa. 'Fibonacci me-^ns "Son of Good Fortune". The name 'is ^onptmced . • 
-f ib-on-ah'-chee. • ^. ■, . • ■ , 

Leonardo pppulari:^ the HindurAr^bic decimal system in a book. 
■ ir Liber Abaci published in 1202. He . introduced the Fat)onacci series in 
a problem. about the breeding of rabbits. . ■ ^ ' . 



The Rabbit Problem ^ 

A pair of rabbits is placed, in a walled 
how many offspring-this pair will produce in 
if eat h pair of rabbits gives 
birth to a new pa^ir each month 
starting with the second month 
of its life. Sincje 'the first 
pair has offspring in the first 
month/ double the number, and 
in this month there are/two 
pairs. Of these, one paii;, 
the first, gives birthf in the ' 
■following month as wel^, so 
that in the second montr^ 
there are tnree pairs. Of 
these, two pairs have off- ^ 
spring in th*e fo!]^ owing month, 
so that' in the third month* ^ 
two additional pairs of rab- 
bits are born, and the t0tal 
number of^airs of. rabbits 
in thi's month reaches five. 
*-Tllree of these' five pairs ^ . 
have ot'f spring th^t month, 
and the 'number of - pairs 
reaches eight in. ih'e 'fourth 
-month. . Five' of these pairs 
produce another five pairs, 
• which, toge^:her with the 8 
^pai*fs already in >existence, 
make 13 padrs in the fifth 
month. Fivejof these 13 
pairs have-.no offspring that 
Tito nth, while the remaining 
. eight pairs do give. birth, 
so that in the sixth month 
there are 21 pairs.* 



enclosure to find out 
the course of a year 



l^airs : 
1- 

first month; 
2 

second, month: 

-. . 3 , 
third month: 

5 

fourth month: 

8 

fifth month: 

13 . ifc . 

sixth mot^th: 
21 

seventh month:- 
eighth month: 

55 

ninth month: " . 

89 

tenth '^month: 

eleventh month : 

233. 

.twelfth month: 
-377. 



* The Flboriaccl Numbers , N. H. Vorobyov, D. C. Heath. 



9 



13 



These nUmbers. occur in 'very surprising places.- For example/ the seeds 
on most- sunflower heads ;a re arranged in- 3^^ curves which cross 55- curves. ♦ 
Smalf heads have 21 curves intersecting 3h curvetTand large ones have - 
55 * curves crossing Sg'^" curves, The numbers 21^ 3^, 55 .^^nd 89 are 
Fibonacci numbers, as you can see. 




There are many interesting Relations . among the Fib^ffacci numbers and 
extensive studies have been made of these relations. We shall' study two of 
'them which will be useful to us .later. ' - ^ 

We write the list' once again fo]- convenience. 

• 1, 1,"2, 3, 5,'b, 13, 21, 3H, 55, 89,,,;. 
Notice that the numbers increase in size (after the second l). That- 
is, if a^ and b are two successive Fibonacci numbers^ . . 

b >~a . 

(The equality sign applies only when a = 1 and b = 1. ) 



10 

14 



^Irj&iead oj? comparing suoc-essiye^numbers in the list, us compare 

alteiTiate. numbers,, for example 3 with 1, 5 wi'th 2, 8 .with 3^ 

so on. You will»notice that in each case the larger . number is more than 
, twice the' smaller number. Ts this always true^ ' Let us ^see. Suppose that 
Ja, . b, and^.c are any three successive Fibonacci ^numbers . y 



b, , c, 



we- know from the way the' list is made that 
■ ' ' V • - . 

c = a.+ b. 




"We also know that unless a = 1 and- b i= ,1 

< ■ ^ ■ ■■• 
So we conclude that 
\ 



We have our first relation: ( 

• / ■ V 

• If a-, by c, are three suecebsive Fibonacci numbers, then 
, . ■ c > 2a . ; . • ♦ , 

"Returning to our list - • .• 

■ 1, -1, 2, '3, 8, 13/ 21, 3J^... 

let us square one of these numbers, say 5, and compare the result with the 
product of its neighbors (3 8) . ; . - ' ^ 



3 X 8 - 



The results differ-by 



' . . ■ r.- (3 X 8) = ]. 

Similarly 8^ = Q\' differs from 5 X 13 = 65 by ■ 1. Notice 
however that to get.. 1 this time we must subtract in the opposite order. 

(5 X 13) - 8^ - 1. ■ . 
You can test /this relation " for yourseM*." It always seems' to work. .Can we 
prove that no matter how far out in our list we go, the' difference in the 
proper order is equal to - 1?- Let us see. 

We must see what happens when we progress from one set .of ^three 
successive Fibonacci numbers to the next set, for example from 5, 8, 13 



to 8, 13, 21, We have found that 

■ . ■ X.13) - 8-^= ir 

trJpw we ask about 

• . > • (8 X 21) - 13^v . " . ' 

*0f course we can easily show tha-U«he result is"" 158 - 169= -1.^ Hoteyer, 
it. is more useful to connect ^"(8 X 2l) - 13^. with (5 x 13) - 8^"^ - We do 
"this ai follows: ^ 



(8 x*21-) 13^ 

= 8 X ( 13) - 13 X 13 • , 
= 8 X (8 +^13) (-13) X (8 + 5) ■ . 
= (8 >^ 8) + (8 X 13)' - (13 X 8) - (I3'x.5). \ 

'=.8^ - (13 X 5), , - . , _ . * 

which-is the op^site of (5 -X 13) - . ' It follows that 



X 21) - 13^ = -1. 



■ ^ Let us generalize this method.' Suppose that a, b, c, d are any 
four successive Fibonacci numbers and that we know that 



ac - b = 1- or -1. 



' What about ' % ^ — ' 

2 \ 
bd - c ? , 

We use the fact that d b + c and c = b + a to write 



' 2 ' 

bd - c = b'(b" + c) - c • 



c 



* ' ■ 3: b.(b + c) +■ (-c)(bV a) 

= b be - cb ca . ^ " • 

\z . ' - ■ . 

=• b - .ca, 

• = -(ac - b^). , : . 

' \ ' 2 2 ' 

Therefore if ac b^* = 1, bd c^ = -1 and if ac - b = -1, bd - c 1 

■ ' ^ > " ■ ■ . . t ' 

. .. Exercises 22-3 ,j 

1. Continue the list of Fibonacci numbers until you have 15 of them. 

2:^ The Lucas numbers are' i'ormed if we s'tart with 1 and 3 instead • 
' of. 1 and 1, and "obj^ain any 'later .number by adding the previous ■ 




3.- 



* (b) Write the^. U'st c£f Lucas numbers under the^lisfcir Fibcy^ici^ ^ ^ 
numbers and verify tiv^t the ninth Lucas number i? the ^ sum of the 



• * eighth,. and tefe:h Fiborra:cci i^umbers. 

' th * 

(c) "Verify from y^r lists^^hat th^^ n. ^Lucas niAnber' is the sW^^ 

of th^ (n - l.)st' and (n + l).st F i bp nacci numbers . ^. 
A rectangle is. tiC^^ be formed 



go that if we cut-off 2 
t 

squares^ the reniaining 
rectangle has the same 
shape as the :original^ 
■ one'. 



J 









< 






. 0 






• < 










'X 



(a) When we considered the golden -rectangle- we had tt>e equation 



1 X' + 1 



What is the corresponding equation for this ^rectangle? 

(b) Start with x = | and by successive trials fiijd the value o'f x 
to at-' least two decimal places. Save your answer for later .use: 



22-k, Accuracy of the Approximations 



lonal 



In studying the golden rectangle, ^ we. have approximated x 
.numbers which are alte.iinar^ely too large and too small. • The list of approxi 
mations begins' as folloi/s : ' ^ ■ ■ - 

. . 1 2 • 1 :s_ n ' ^ 

2 ^ 3 ' 5 •» 8 ^ 13 ' 21 I" 

• ■ • • ■ ' ' ■ ^- . ' • ^ » 

The required value x always . , 

lies between two successive ^ 
numbers in this list, for example 

(1)^ 5 ^ '^,^8 • ■ ' 
. Better yet <» . . . 




•If'^we co^'iixnue the lo.'St "of ratipn^l ap.proxUijtations can we- locj^te 



as ^close^y as .ve*'* please.?' To ^answeT^his questio-w^ we try to find whaf havens 

to the difference between, pairs? of successive' numbers in the list of rational 

approximations. We will see how far aK>flg^he list we . ne»d to go to get an 
• a^E^roximation of^esired accuTa(.*y. 



2 

Since • i^^l = A ' ^^ t rFi . see that. in (l-) we. have iocaten? 

: •■ •• . ■ ^ ' ^ ' ^- • 

ux withirr an interval, of length ■ , ^ , a ^ \. * i 

12 . A i^v - (8 X 21) 



21 " 13 .-^3 X ^ 273 ■ • ' . ■ ^' 



1 



• i'hus in (2) we have located ,x ^ within an int^rval^of length • 
• . ' • • • ' ' • ' „ ■ ■ 

Tills is* of course a much shorter ■ intei*\'ai; * The question is: Can-'Ve make the 

as short as- we pl ease -n less' tliao 

• ■ ■ i ■ ' . - '. - A 

less than 



' • interval as short as- we please -n less' tliao qoq qoq f example^^r 



To answer this question v^e must discovdT*^ some^eneral facts about the 

dif ferences'lietween two- succe&sive numbers in the lis-b. 

V ' * ^ 

Did yo.u notice that we. v^r-e able to rfepresent this difference by a 

fraction with numerator 1?- ^s\this always true? Let us see where this 



numerator come's .f rom. ' V/hen- we sm^tracted ■;r fro:n , the numerator was 



8 1 

- (3 X 8).. Vmen we. subtracted ^ — from ^ , the numerator was 



13^ -'(8 x2rj. . - • . ^ ■ ■' • 

^In the. Fibonacci, series ' . * • 



^ 



21, -ih 



^) is between 3 tind 8/ anVi 13 is between 8 ann .:^1.^. V/e .have already 

seen that tli^p square of any Flbonaj.:Ci riumb^ ;iif.fers, by 1 from the product ^ 
"of its* neighbors;*^' 

' ■■ ■ ' ■ ' B ■ ' ^ . 

Consequently wer.can write tMe list o differences ugtween successive 

rationa^l numbers in our list of approximations fg-r'.^x. This list of 

differences begins : . 



■^}^ 1 ^< 2 ' 2^x 3 3 X ^ ' :3.x 8 ^ 8 x.i3^;^l3 X 21; ^ • ' 

' Now let us look at the denominators-' in (37S We notice tlvat they are 
the product's ■ of ■ successive pairs o: noonacci numners ■ 



These products, increase as^e pijbgress along the ^ii^^' , In fact, -we can shov 
that eacH denominator is mbreTwfan twice preceding, one. Proof: Two s^j- 
cesfeive'^detWinatorsj' are of the ^prm a x/b and b.X c.^/ But " - > 



, '■.=:'— . and since V > 2a, we see tliat — > *2 
a X b . ^ , , . . \ a 



" ^ . • Itj^^ollows that each ciirff erehce- is l-essnGharr * '"^^^ previous one. 
Therefore ve*can surely, make the diffpi^ehce as smll as' we ^-^li^aser by gj^ing 



out ^uff icientl;^ fa»r'.^For exar^le, we kn^^ that- 



The naxt dif ference'^^^^TS'si' than 

V y * 1 / 



1 ■ 
273 / 



■ 2 X.273 ^'^6 



the next dif fefenc,e ■ is less than' 



the next difference is leaq tiatin- 
• ^ . . .-. . 

and S9 on. 



1000 

1- 

2000 '-v^ 
. / 



r 



Exercises 22-k 
Given the list of Lucas numbers beginning 
1, 3A,' 1, 11> 18, 29,,U7,... 



we can write, the list of fraclsions 



Dl)«tai 



1 2' ii i.' 



ok a^ned by dividing each'num^^r by the t^o 'J lowing one. ^ £ 
Consider the difference between two consecutive rational numbers in 
this list. Verify that when simplified, the . nume;^ator . Tor ea^ of.-- 
the- differences in tke list is /i. 

In Exercise 1 verify that each difference is less than one->half t 
-preceding difference, 1 



Consider the following List of rational numbers^ 

2 ^ 3 / 5 ^ 8. 13 ' 21 7 • • . 
(a) How are they related to 1;^he Fibonacci numbers 
'1, 1, 3/3. 5, 8, 13, 21, 3^^... 



( 



en 



V 



5 



' (b), • Vri^Teach numter in 'the givac list in decijSkl form apd- estimte. 
■ V ' t/wn dec itnal Places 'tlje' numl:er"~^,y): for- which thes?; rational 



to' two dec?.TOal. places -tberomT 
- ndbers are - succ^sive^appT^xiraatiSns . /-If^ necWsaijf , 

^ ' -the liat-. " • ) ' 



continue 



' ^ Ik- ? Find a .ration b^ween ' the liJ^ of ' ration^ numbers in-Exercise 3, 



and thflsJlisf 



,1 2 1.5..^ 
2 ' 3 ' 5 V B 1^ ' • 
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at the beginning of the sfectip.n. Hint: Try multiplying adJacent^ 
pairs in -the "M-st given here. 



5_ ^ Verify^hatr^ur answer to Exei 
. . , • X = .618. .. ■ . • 



rise. 3 is approximately 1^- x -where 



22-5. The- Solution in Terms of Square Root^ .. 
We have seen that the solution of 



x'+ 1 



• is an s^rratioml number. Since , ^T/ %tc. are also, irrational ' . 

■ nuniber^it is , natuml to ask: Can x be expVes^ed in terms cH a square root? 



X + r 



it mus^1 



^t be true that 



x(x = 1. 



(1) 



We know that for ^11 positive numbers a and. b, 



/ 




If we let a = X + l.,and b = x, 

a + b _ (x. + 1) + X 
"~2~ " 2 ^ 



X 2 



and 



a - b _ (x * 1) - X ^ 1 

— 2 - «.v2 - • 2 
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:'eTO*'e (:l 



Therefoi'e (l) becomes 




_ 1 + 1 - 5^ ■ ■ 



eref ore' 



X. -f 2^ = -or : 



-4- 



• 2 



Thus 'there are two solutions, to the equation x(x + l) = 1^ 

• ' 1 v5 

a ji^ositive solution, - ^ **" ~2 

^ ■ ' ■ »• 

. ^ ■ — 1. VT 

J and a negative- solution, ' 2 " ~2 ' * ■ 



I 



\ 



Siftce 2.236.;-. ^ . 

we have ■ . 

X = -.5 + 1.118... ■ --=..618.... 

and V • . \ ■ 

X = -.5 I.ll8.-. . = -1.618., 



courge TJ^e do not wani the negative solution f or__the_prob.l 
rectais^gle. 

can construct a "segment . 




positive- 




"Which represents 

oluj>on - 2 "Very simply 

as follows;' Draw a rightr 

tirian^le ABC with base ' 1 
^1 

and altitude" ^ • 
Its hypotenuse AB is 

- % . 

Draw a circle with center. A and radius JkQ' = 2 * ^ 
of intersection of the circle and AB . V;. - 

Then ^ = AB - AD . . • . . * 

■ i ■ ■ , • 
- ■ 2 2 • 

Thus BD is .the^ required segment. 



Figure 6 



■IT 
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■ There is another v<ay in which may discups "^he soluiion 
x(x = 1.' We<5fi/rst Qiw2;nE;<j!^t^ equation to ^ ^ 



and then t6,^ 



"of 
and 



We can solve *1:his equation -by f 



y = X 



y = -X +4. 



.As you know ^ the.graplr 
of >j ^=.x^ .is a parabola^ (see 
Figure 7) and the graph of 

' y = -X '-t 1 
' is a straight- line with 
slope and y-intercept . 

1- J . 



f inding 'the intersection of the graphs 




Figure 7 

, ^ . "sr 

There is an intersection P* near 'x = .6- and another intersection, 
^ near x.= -1.6. Graphical solutions are necessarily^ kpproxitnate but 

they, often give- us a good start. 

that X =. -1.6 is 



xen gxve us gv^v^.i ^u^^". 

In this case, a. little e>rperiTnekation shows 



about right. In fact 



and 



(-1.6f = 2.56 



-(-1.6)'+ 1 = 2.6. 

'since the y-coordinate of the point on the line is greater than the / 
y-co'ordinate of the point on the parabola, we know that -1.6 is to the 
right or the intersection or 'larger than the correct value. . ^ ^ 

If we try -1.62 we find (-l.fef = 2.621.1. and -(-1.62) . 1 = ^1^2 
Is -1.62 .to the rigKt or to the'-left of. the intersection? ^' . 
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■ Exfercises 22-^ 
Solve the following equations graphically: 



p. 



(s) x(x + 1) ■= 2 ( Reminder : Change^ to the equation' = -x + 2 

2' ■ ■ ' ■■ 

_ and graph • y = x . and y = -x +2 on. .the 

same set of axes.) 

(b) . x(x + 1) := 3 ^ ■ 

(c) x(x-fl) = i^- 

(d) x(x + 1) = '6 

(e) ' x(x + ij^ - \ ^ ^ 

■ > ■ ■ 

, ' 2 2 ' ^ ' 

a a 1) 

Use the fact''^'1:h«st^ (— 2 — ^ ^ — 2 — ^ to' find the solutions 

of the equations ■ in Exercise 1 above, indicating irrational solutions 
*in terras of sqiiare roQts. For example, 



y x(x + 1)' - xY, 

n. + V) 



we can let a = x + 1 and' b ^ x, 'so ^ = x + and 



a > b _ 1 , • 

2 " 2 ' . ■ 

-J 

Siace ab. = x(x + i) = 7, we have 

■ ' (-i)'^T.i = f ■■■■ : 

X + 2 " 2 ■ 2 " " "tf - 

. ■ . - _2 or X = - 2 • 

■ ■ 

1 ^ 1 ^ 

The solutions are: - + — , " o ' 

Use the square root table of 'Chapter 21,. Section 7, to find approxi- 
mate solutions for the equations in Exercise ^2, and check these with 
your results in. Exercise 1. ■ 

Solve the -following equations graphically. Also find the solutions 
in terms of square roots. . ' ^ . 

x(x - 1) = 1 • ' * ■ 

x^ - X = 2 ' ■ . ' ■ ^ ' ■ 

2 - ^ • ^ ■ . •• • . 

X , - X . = 3 " 

19 ■ ■ - ■. 
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7. 

■8. 



2 

X 

^ Tr. 



-X- 1^ • ^ . 

In Exercises 22-3 "(No. 3) we were led t6 solve the equation 

V ' '1 ' - ■ . 

X =, 



or 



X + 2 , ' 

'x(x + 2) = i; ■ , J ..- 

Show that the solution can be expressed in terms of a square root. 
Use the "square root table to ch^ck the accuracy of the answer 
previously obtained. ■ • . 

• ■ C 



22-6. Pro.iectiles 

■ If a body is thrown straight up in the air with a speed of Q^ ft/sec 
to begin with, we assume that the distance .d feet above the ground t 
seconds later is given by the equation: • 

This is a good model Of the physical facts. Suppose that we ask the question 
When, is the body >8. ft. above the ground? To answer this question we set 
d = i+B and write ^ * ' 

6i^t - l6t^. ' . ■ 

For wtiat vklue or values Of t is th^s^t^^^ If ve divide by l6, we 
obtain the simpler equivalent equation - . 



(1) 



' .2 



i^t 



3 or 
3. 



■ We can solve this graphically 

by finding the points of intersection 

2 

of. the parabola ' y = t and the 
line y" = i^-t - 3. 
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t. 



The intersections occur at , ( 1, l) and (3^ 9). It is easily 
verified that t = 1 and' t, = 3 actually satisfy equation (l).. ^hy are 
there two answers? ; • ./ ■ 

^ L ■ 

If in the original question we had asked when the /H^^ghli was l6 
feet, equation (l) would be replaced by ^ 

(2) ■ t^ = lit - 1. " . ■ h 

■ ' • . ' . > ' 

You will be asked to solve this . equation graphically. Let us solve (2) in 

'• ■ . ' ' ■ • . 

terms of square roots, We'first rewrite (2) as 

.2 . : 



and then as 



kt - t 



t(l^ - t) = 1. 



Let a = t and b' = k - t then ( — - — ) =^^ab +"( — ^ — ') gives 

-■ ^ . • p- ■ /. . . 

i^. = 1 + (t - 2r-/ 

so . ' '^^^ = ' 

Then _ . t - 2 = /J" pr t - 2 = - 1/3" ! 



and' ' t = 2 + 1/3" or t = 2 Vf , . 

Exercises 22-6 / 

'■I 

-I, Find two approximate solutions of ^ ^• 

■ .2 2 . ' „ 1 . 

• t = i+t T 1 -by drawing a graph of y *= t ^ and y = Kt — 1. • 

^ ■ , ■ \ . 

2. Show that the results obtained in tVie text agree approxirnately "wdth 

, . * ■ . ' 

your graphical solutions in Exiercise Vu . ' . , ■ ^ ' 

3. If a Ipall is thrown upward with a speed of 6k ft/sec (so that 

2 

d = 6ht - l6t ) when does it reach thec,>height Sk^ft.l Solve " 
'graphically and also by the method of this section. ' ' ^ > ■ 

/In Exercise .3, replace the height 6k ft., by 80 ft. Explain 
.1 your, failure 1so obtain an answer, either .graphically or by the u&e 

of the formula. 



\ 



X 
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> ■ ■■- ./ 

In connection with the problem oV finding the chape ot' the<"goIden- 

■ ■ ' . 1 • 

rectangle" we are led to ask for a positive sc^lution oi .x = Y'Tlc 'V 

It is proved that it is impossible for :•>: .to. be' a rational, number 

By considering^ the function • ■ Vt • ,> ^ . ^ . 

and starting with the input - x = 1 and reemg back -^luccessive outputs as, 
inputs we obtain a succession of ap:^roximations- to the required -solution. 
It" is shown that /these a^proxiipations ar^e alternately tob largK^ and too 
small and that by continuing ti^ process a suffic^ient number of tumes ♦ 
can get as close j^s we please to- the required solution. ' ^ . 

It is also sliown that the equation . " . . . . ■ « 

■ ■ 1. ' • • . . 

• . : ^ ^ TT^ ^ ^ . ' 

has' the solutions - | and " | " 4" \ ^^wessed -in tenris of square 

.roots. ' The equation is^lso sol^v^ed' graphically 'by finding the- intersections 
of a straight line with a parabola. ' ' 
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■ ^ _ Chapter 23 ■ 

■ SOLUTION SETS t)F -MATHEMATICAL SENTENCES 

23-1. Solving Lin'ear Equations , 

. -In the chapter on Problefji Analysis ', the following .problem was stated 
' and" discussed: ,° , '. > 

"in a gasoline economy test^, one driver, starting - ; 
• with' the first group of c^rs/ dro^ve for 5 hours 
at a certain' speed and was then 120 'miles from 
the finish line. Another drijver, who. set out later 
, •' with, a second 'group, had tra-veled at the s^me rate 
as the first driver for 3 hoiiir-s and was then 25O 
miles f'rom the finish, flov/ fast were -these two 
men driving?^ 



■ If we use r to represent the rate of y car, measured in miles per 
hour, 'we^ can represent certain functional relationships involved in the prob- . 
lem. The -functions are ^listed beiow , ^^with the. output of ea ch function ' des- 
cribed in. words . ^ ' ■ ■ 

, " Function ■■ • • Dpocription of Output 

^ . J, ->-5r ' The distance-that a car 'goes in five 
. ■ - ■ ■ ' ' ^ ■ ■ . .hours ■ ■ 

g . J. _> .3r . ' T>ie distance thr:it a car goes in three 

. ' ■ . ■ hours ' 

■ . r.->5r-+'l20 ■ V-^O miler: more thar4 the distance a car 

^ . : goes In five hours 

'k :'t -> 3r + 25O ^ 25O miles more than thjD . distance a car 

"f^oes in threfs hours ■ 
1 / ■ ■ ■ - . . . ^- . ■ . ■ ' . 

We can express the fact that we are looking for a value of r for which t'hr^ 

o outputs of 'h and of k are equal by writing the mathematical sentence , 

■ . . ■ .^5r 4- 120. - 3r + 250* 

Each value of " r for which the sentence is true is called a solution 

of the equation, and the set of all ' such values we call •■'its solution set, 
, or truth set . ' ' ' ■ ■ ' ■ 
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One method of approach might be to draw the gra^s of the two functi 

■ • ■ . 

r -> 5r + 120 

r -♦Jr + 250. • • 

Since the slopes are not-equal, we know that the graphs intersect. Thus we 
are 'sure that there is a solution, and only one solution. i 

• •• Exercises 2 3 "la 

— — . ■ ( 

(Class Discussion) . 
1. Study the graphs of the functions 

• f r 5r + 120, 



'r 3r + 250, 



shown here. Notr that the rate is 
shown on' the horizontal axis, and 
that the , distance"^ is. shown on the 
vertical axis . . • 

(a) How many miles' per hour is. 
represente(?*by the side of ■ 
each square measured on the 
R-axis? 

(b) What do you estimate' the 
value of r to be at the 
point of intersection of 
the two graphs? • 

' (cV ■ I^es your . estimated value' 
of r satisfy the 'equation 

. 5r + 120 = 3r + 250? . ^ 

(d.) If^ it does not satisfy the equatiop, try some other numbers 

close to your estimate, until you da find the solution of the . 

equation . ^ ' ■ ' - 

(e) 'What does, the solution of the equation mean in term^ of the 

problem about the gasoline economy test?. , 
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In the exercises -above, by graphing the two functions we found a solu- 
tion for the equation ^ . * 

■ 5r + .120 = 3r + 25O ' 

Q 

and. were able to interpret the result to answer the question in the problem. 
However, the method- was not very efficient, was it? • \ . ■ •' ' 

A more efficient way, often, is to write a 'chain, or. list, of equations 
all with the same solution set as the given equation. If the last equation in 
thsr chain has an obvious solution set, then.thatis the solution set for the 
given equation.: Let us consider how we can -v^ite such a chain. 

For the two functions 

/ * f : r ^ 5r + 120, and 

■g' : r.-> 3r + 250, 

.the domain of each function is the set of all real numbers. That is, if ar^ 
real number is used as, input for the 'function, the^ output will be a single* 
real number. ' With respect to the. equation, we. say that the set of all real 
numbers is the repl-acement set' f or the equation, + '120 = 3^^ +. 25- 

The use of any property that holds for all members of the replacement 
set of an Equation enables 'us to 'write another equation whos^ solution set is 
the same as for the first equation. The field properties- (commutative, 

■ associative, distributive, etc.) are true for all real numbers; the replace- 
ment set of any equation that we shall be using will be some subset of the - 

^ set -of real numbers. jSence the use of any of- the field properties will give 
us another equation wJ!h the same solution set. • . ■ 

Equations which have- the same replacement eet and the same .sqlutioh 
set are called ' equivalent e^quations. A -.convenient symbol 15or "is equivalent 
to" is " < > For example, we write ■ 

5x + 2x = 35<^=>| (5 + 2)x 35 * 

to mean that if ttere is b real number for which "5^+ 2x = 35" is a 
true statement, then "(5 + 2)x = 35'' is \rue fpr the same value of x, and. 
vice vers'a . , ^' ■ 

In addition to the field properties, 'there are two more "properties" 
which are consequences Sf our agreement thati "a = b" means that "a" and 
. "b" name the same number. We reason as follows: - 
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•If -.a and c are-numbers, then\"a * e" " is a n;»me ' f or, the sum of 

. ■ these .two numbers, and "ac" is a ^ame for their product. ■ , 
If the firsl . number is called "b" instead of "a" , " then "b + c*' • 
■ -is a new name fo^^ the sum, _and "be" ' is/ new..name fo.; the 
product. 

Thus: "a + c" and •"b"+ c" both name .the. same sum, and we write 
• + c = b + c"; similarly, both "ac" and "be" name -the 

same product, "and we write ac = tDc. . . . 

. • Check Your Read-ing 
.If you solve -ah equation by writing a chain of equivalent equations, 
what should be true about the solution set of the last equation in. 
the chain?' . • ' 

imat is the replacement set for the equation. 5r + 120 = 3r ^ 25? . 
What is the, solution set? \ ' ^ 

•If- two equations are equivalent, what two things are *tru^- about them? 
What'symbol is used for "is equivalent .to" ? ^ ^ 

' Wh, carv the lield properties be used to write equat>6ns equivalent to 
a given equation? 

. If : a,-b, and c are real numbers such that a = b, what is- true" 
about a -^^ c 'and b + c? about ao^and be?. 



^ ■ -. . Exercises 23 -1^ • . • ■ 

(class Discussion) . ^ 

4 

(•a) We. have shovn that, for • .a, b, and c real numbers, if ■ a = b 
then a + c = b ^- c.« How could you show that if , a + c = b + c 
then a .= b? • 

(b) .Write an "if. and only if" .statement which combines both state- 
ments . 

(a) -Me also saw that, for 3, b, ' and. c real numbers, if a^^= b 
\ then ac = be. What restriction on c i-s necessary for "if 
ac = be, then ■a'.= b" to be a true statement? 
.(b) Write an "if and only if" statement for multiplication and ■ 
equality. 
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Thus we iiave two "properties" . of equality which hold f#r real numbers, 
and so can .lDe used-to write equivalent equations:, 

(1) For all real numbers' a, b,. and c, a = b if and only if 
a + c-= b + c • ^ ' ' . 

(2) For all real numbers a, b, and c such that c 0, . a = b if 
and only if ac =^bc. . • 

For convenience, we shall refer to (l) as the addition property of 
equality and to (2) as the multiplication property of equality. ^ . • ■ ■ 

' . For the equation 5r + 120 = 3^. + 25O, then, \-ie could have written a 
chain of equivalent equations as follows: " 

(1) 5r 120 = 3 r + 25O <Czz^ 5r + 120 + (-120) = 3r + 25.0 + (-120). (2) 

. ■ • ' . ' ^ > ' 5r = 3r 130 ' (3) 

'<=^> 5r + (-3r) =130 (^0 

, . < -> 2r = 130 ' (5) 

y—> . ' ^ , r ^ 65 ' (6) 

• ^ The solution set of equation (6) is obviously ^^d we have used 

properties- which hold for all real numj^ers. Hence we know that the ^solution 
set of .equation (l) is also {65}. 

- Note that the symbol "<=:^" and its meaning "is equivalent to" ore 
other -wa^s of saying "if and only if>" For example, 

X + 3 = 5 <=> :x = 2" 

.could be stated: "x +'3 =5 is true if and only if x = 2 is true," 
That , is, iff x + 3 = 5, then x = 2, and . if x = 2, then x. + 3 = 5 • . 

• ' ■ Exercises 23-lc 

■ 1. For each equation in the chain of equations equivalent' to 

5r +.120 = B'r + 25O, tell which property applies. 

■2. Complete each' of the following so^that the two . equations are equiva- 

lent, and indicate which property of equality has been used 

(a) , x.-= 7 <C=P' X + 3. . . 

(b) 5x = 12 < — > X = 

(c*) . X - .02 = 3 < — > X = ^ \- 

(d) l<^-3 = X + <^=^ = X ^ .... 

,(e) 2T=|x<=>__^ :=x 
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(f) C = 2nr <Cizr> r =^ , ^ 

(g) ^7x = 6x - 1<=^ X = 

(h) p ^ a + b + c <C=> = ^ . "^^ 

. State the solution set of each of ,the/Tofiowing equations. .(Show the 
steps you take, and indicate where >a5jLi use the addition and multiplica- 
tion properties of e,quality.) ' • ■ r 

(a) 3x + 7-= 16 . . , 

(b) I X - 2 = 2 . ' • , , ^ 
(cT .8x. - U. = 5x + 9 . 

.^(d) .03x + 12 = .05x + 3 . 

(e) .03 (x + 12) = .05 (x + 3) . ' ■ ■ • ' 

(f) 7x + 10 -'x - 3 (x + l) 

The addition and; multiplication properties of equality can be used in 
changing a formula from ouc form to another. For example, the equation 
P ^ i C + 32^ is the conversion formula used in changing a temperature • 
measurement from Centigrade degrees to Fahrenheit degrees. The eame 
formula could be used' to change Fahrenheit degrees to Centigrade degrees. 
However, it is more convenient to use a formula which is obtained as 
follows \ ^ 1 

If ^ F = I C + 32, . _ >^ 

then F - 32 = I" C, by the addition property of , equality 

or I C = F - 32, , , ■ " 

Q ^ _ 3*2)^ by the multiplication property of equality 

(a) Name the following temperature measurements in Fahrenheit degrees: 
■ 0°C;' 60°C; 100° C^ , -i^O°C. • ; 

- (b) Name -the following temperature measurements in Centigrade degreed: 
" 0°F; 23°F;-. 59 "F; 101v°F., , . . 



5* Use the addition and multiplication properties, of equality to write 

fomuJ&s as'indicated/ in (a)-(c) use whichever formula • is more con- 

venient to find the values indicated* 
& ■ ■ • 

(a) If ' P = 2£ + 2w, then .w = . 



If £ ='1^ in* »and w = 3|- in,,^ then P = » 

If P = 18 ft, . and £ = 5^7 ft,, . then w = . 

(b) If L = 27rr h, then r = » . * * 

Find L if r = 3-5 in- and h = 7 in. (use tt - 3 y) - 
Find r if L = 330 sq. ft, and h = i4-2'ft. (use. tt « 3 » 

(c) /lf A = p + prt, then r = » 

Find A . if p = 200 (dollars), r = 3^, and t = 5 (years). 

If A = 168 (dollars),, p = I50 (dollars), and t = 3 (years), 
then ■ r = * 

•If 

(e) If 




As we have seen,- an equation can serve as a model for the situation i-n 
a problem* The solution of the equation indicates, the answer to the question 
raised In the problem. * . ' ' 

Example 

\- "The di^ance an object falls dUring the first second is 32 feet 

less than- the distancej'it foils during the second ' second . During the two 
seconds it falls 'kQ feet. How far does it fa lii during the -second second?" 

If d represents a number of feet that an object falls during the^. 
second second*, we can write the following functional, relationships involved 
. in. tha -problem: 



iptibh of - Output > cv^ 



Function ' DescriptiMi of - Outpu^t 

f : d.^d - 32 The distance an object falls during 

the second 

g : d (d - 32) + d" The distance an object falls during 

two seconds 
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We are looking for a value of d such tha-^, the output of. g is h8, 
Thus an equation which serves as a model for the situation is ^ 

(d - 32) + d. = hQ. 

. < 2d - 3^ ^ hQ ' 

< > >d 80" ■ ' ^\ 



The solution set of each equation is [hO].., Hence the object falls 
i^-O feet during^ t^e second second. 

\ Exercises 23"ld 

For each of the following problems, (a) -analyze the situation " and . 
write an equation which is a suitable model, (b)* solve the equation, and ^ 
(c) interpret the solution and answer the question in the problem. 

^- ■ 1- If you take one-third of- a--number, you get the same result as if you 

subtract 9^'from one-half the same number. What is , the number? ■ 

2. The^degre^. measure -of the" largest angle of a triangle is^ 15 more than 

■ twice th^ degree measure of the smallest angle. The degree measure of . 
the thirtf ang;/e is 10 .le^s than twice the degree measure of the 
.Smallest angle. V/hat is the measure of the smallest angle? ^ 

' John has^ 15 feet of fencing He plans to use it to enclose a rectangu- 
,'far ggrden 3 ft. - wide. 
■ ^ " ■ ^- (1) How long can he m^ike the ^:arden, if he uses all of. the ^ 

fenc:ing? . ^ ' . ' 

. (2) V/hy will the shape of the garden not be a J' golden rectangle"? 
- (3) If he hnJrone m.oro' foot of fencing wou^ the shape then be 
• ' 'a "golden rectan7le"j^ ^ 

4/ • ' The amount of $205 .i^^o be divided among Tom, Dick, and Harr^i. 
.■ Dick is to have $15 rnore thon H'irry, and Tom I:: to h^j ve . tw ice or^ 

; much as Dick. how must .the money, be divided?- • ^ 

5. -A square and an equilateral triangle have equal perimeters. A side ; 

. of the triangle is five Inches longer than-a g Lde of the square. What 
is the length of the side of the squrjre? .... 
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Mr. Barton paid $176 for a freezer. The pricfe he paid was at a 
discount of 12^ of the marked price- What was the marked price? 

John Joneses total pay was $l66AO for a week in which he worked 
hS hours. He is paid "overtime" for all hours over hO hours, at 
the rate of ^ times his'normal rate, '^at was his normal rate of 
pay per hour? 



23-2./ Solving Linear Inequalities ' . ^ 

. ' Consider this problem: . If Jo^n had $2 more than twice the amount he 
now has, he would still have less than $10. What do you know'about the 
amount of" money he now has? . ' . 

If we use X to represent the number of dollars John might have, then 
the following functional relationships are involved ^in the problem. 



Function 



2x 



Description of Output 

Twice the number of dollars John^might 
have ' ... . 



x 2x + 2 



2 more than. twice the number of dollars 
. ■ ^ he might have | 

•■ The phrasj^'less than $10" suggests the- relationship represented by 
the inequal^ity . ' 

2x + 2 <'10. 

The problem implies that^tTohn'* has some money, a fact that can be . 
represented by the inequality "x;> 0." Thus. the situation in the prc^blem 
-can be modeled by tjie compound se: 
2x + 2 ^< 10 and x > 0. 



One wa# of determining the 
solution setlof this sentence, ^nd 
thus answerirK the question in the 
problem,, 'is b^s£a£afis>w a graph like 
the one shown here . ■ 
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. Exercises 23-2a 
. " (class Discussion) 

The point {h/io) is toe intersection of the graphs of -y =. 23c + 2" 
and of "y = 10." At this/ p?/ln.t , then, " 2x.+ 2 = 10, and hence .x = h. 

(a) Between what two points on the gra^h of y = 2x + 2 is it true 
that y < 10 and x > 0? • - . 

(b) Write a compound open sentence which describes the . abscissas of < 
all of the points on the line' between the two points you described 

. in (a) . L 

(c) Use set-builder notation to state the solution set of the compound 
sentence . » ■ ' 

, . 2x + 2 < 10 aijd X >'0. 

(d) Use the solution s^t to help you answer the question in the 
problem. ' " * . 

!. Su^ose that the problem had . specif ied that his number of dollars was 

. an integer . , ■ . ' • • . ' . 

(a) -. VmSiouLd be the graph in the coordinate .plane of the compound 
/•sentence with this added restriction? 

(b) . What IS the solution set of the sentence 

. . w 2x + 2 < 10 .and x > 0 and x . is an integer? 
■ ■ ' (c) With this restriction/ answer the question "What do you know 
about the. amount of money John now has?" 

For solving. many . equations, a more efficient^ method than the use of a 
graph Is the writing of a chain of equivalent equations, with the final _ 
equation having a solution set that, is obvious. Is there. a similar method 
for inequalities? ' . * . 

'We define equivalent inequalities as inequalities which have the same 
replacement set and the' same so.lution set, and we continue to use the same 
symbol, "-r— >" .. for "is equivalent to." In the case of equations, we wrot> 
equivalent equations by using the field properties, and the addition and 
multiplication properties of equality. « ' . , 



You may recall that you have .already used the Addition Property of 
Order and the Multiplication Property of Order for real numbers. These, 
together with the field properties, enable us to write chains of inequalities. 
In terms of the order relation they can be stated: " 

Addition Property of . Order : For all real numbers a, b, and c, 
. a <;-b if and only ifa4-c<b4-c, 

Mul-^lication Property of Order : For. all real numbers a, b, and 
c such that c ^ 0, • 
■ (l) a < b. if and only if' 0 < c^ and ac < be." . 
(2) a b if and only if c < 0 and be < ac- 

Since "b > a", can be equivalently expressed as "a < b" , similar state- 
ments can be made in terms, of the relation '">". 

For the inequality 2x + 2 < 10, we could find the solution set by 
writing the following chain of equivalent inequalities: 

.2x + 2 < 10 <=> 2x < 3 ' r 

\ X < i+ . 

{x : X < is the solution set of the final inequality so it is also the 

solution set of 2x + 2 < 10- For the compound sentence 

2x +'*2 < 10 and x > 0 

we have as solution set . ■ 

. (x : 0 < ,x < U ] . ' 

Exercises 23-2b ' 

Use a chain of eauivalent inequalities to find the solution set of 
each inequality. 

Example: 2x + 5 < H 2x < 6 ■ . 

The solution set is (x : x <-^3]. 

- .• '-c ■ , ' » 

1. -.(a) X 4- 7 < 1-0 (e) 3x + 5 > 2x 4- 



(b> X -r- 2 < 5" ■ ■. (f) >^ - I < I 

(c) X 4-_ .9 < 3.2 . . (g) X 4-' 5 yj- > 9^ ' 

(d) X 4- .03 > .03 ' (h) - 2 < ^x 4- .oil 
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2. 


(a) 


3x < 5 . 


(e) 


1.2x->.6 


L 


(b) 




. ■ (f) 


-1.5x > 0.75 




(c) 


-3x < 5 • 


\ . , (g) 




I 


(d) 


.Ux > 6 


( 


I7x < -23 


3.- 


(a) 


2x + 3 > 5 




5 - 2x < Ux - 3 . 






2x + 3 > -5. 


^--^N. (f) 


-(2 + x) > 3 - 7 






. -2x + -3 < -5 




-2 + 5 3x"> iix + 7 

• 




(d) 


-2x ■+ 1 < ^ ' 








(a) 


Draw number line graphs for the following: 








,. . , |x|. = 5 , 










■ \A < 5 










|x| > 5 






- (b) 


Draw a number 


line graph and state 


the solution '^t for 
< 



2x 



the following:. 



DlJt^ing, 



|xl + 2 < 5 
fxl' + 2' > 5 



5. For each of the following, find the values of x for which the state- 
ment is t,rue. • . 

. (a) 5 - 3 < X . ■ (c) . l5 - 3| < X 

(b) 3 - 5 < X- ■ (d) |3 - 5| <'x' ' ■ . 

For each of the fjpllowing problems, (a) anaLyze the situation and\state 
an inequality which is a suitable model; (b) solve the inequality; and 
(c) interpret the solution and answer the question in the problem. 

6. The body of a certain missile is eleven times the length of its nose 
cone. The total length of the missile is at least 100 feet. ' How 
long must the nose cone.be? (Note that you cannot answer this. with 
a single number.) . . , ' . 

7. Two cars start from the same point, at the same time, and travel in . 
opposite directions. One car travels. 10 ^miles.per hour faster than 
the other At the end of 3 hours they are more than 200 miles' 
apart.. What do you know . about the rate of each' car? . 



Ik ■ 

3§ 



8. If a number of flower' bulbs of a, certain type are planted, it is 

-7 ■ ' ■ 

.known that fewer than ^ of them will grow. However, with proper 

p " care, at least' of them will do well. If a careful gardener grows 
18 of these bulbs, how many did he probably plant? 

9» Jim receives ■ $1.75 per hour for work which does in his spare time. 
He is savirig his money to buy a car which will cost him at least'. $75- 
What is the smallest integral .number of hours he must work? 



* The Multiplication Property of Order can be used to help us discover 
and prove other interesting and useful facts\about order. For example, if 
you know the order of two numbers, what do you know about the -order of t-heir 
reciprocals? ' ^ , ■ > \ 

Exercises 23-2c 
(class Discussion) 

1. 5 < 8 ■ is true and g" ^ true. **• 

1 ■ 1 

2 < 3 is true and — < — . -is true. 

,-'32 ^ ' 

■; (a) \)o yo'u think th^n, that for all real numbers a ■ and b, if 

. a < b, then r < - ? What about -3"^ and 2? . 
' ■ . b a . . 

-3 < 2 , is true; is ~ < -"^ also true? 

■ What about -3 and -2? 

';' -3 < -2 is true; is ' 2 " 3 ^-^^^ true? , 

(b) Thus we must consider three casesi: 

(1) If a < b and both are positive, 

(2) If a < b and both are' ■ ■ , 

(3) If a t), with a negative and b 



• Why do we not need to consider the case of a < b, 
with a positive and b negative? Why must .a and b 
be nonzero? ' . 
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(c) • Complete these proofs:^ . V ' . 

(l) Suppose that a' and b are positiv^ real numbers such- 
. ■ that a < b. ' . ' ' , '\ ... . ' ' 
a > 0, hence .0-/h>0,: hence ^ ^ 0. 

Thus , - • w 0 • •• ' 

' ■ "" T^^ , . ■ 

Since a < b and. ~ ••■^>0, 
. . . * a b 



(2) Suppose that a and b are negative repl numbers such 

that a < b. - - * 

{ ^ , 1 " ' ■ ' . 

a < 0, hence — * - > 

' . a* 



b '< 0 , hence - ~ , 



a b 



(You complete the proof.) 

' ■ ' '■ ■ ■ M' ' • 'v ' ' ■• ^■ 

(3) Suppose that a ' is a negative,-real number„Vand b^^'^ls. a 
positive real'riumber. Then < 0^ ^ ^ by , hence • 



b . 



ir a < 0, then . ^ _.0; if 0<b, ^tjfien^ 0 ^ 

.1 1 • . - • ' . . _ 

m- a b*' 



,.What we have Just proved can be stated as a theorem about the^order of 

the reciprocals of two numbers : . * \, ^ , c 

For any two nonzero real numbers, a and b", if a < b, ■ then 

i < — if both a - and b are positive or both a and b , 
•b a 

' are negative, , ' . 

— < i- if, a is' nega-fe-ive. and b is positive:. ^. " 
a ' b •■ ■ ■ • ■ 
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^ r " Exercises ^3~^d ' • 

1. • State and prove a general property . about the order of the opposites 

of two numbers • a ^ and b. ,such that a <.b.' • . 

' ' ' * 2 • 2 

2. If a-< b, with a^- and b both positive, prove that .-.a < b . 

.3. if a <b,. with .a_ and bi both negative^ what can you prove about 



2 ^ p 
the order of a and b"^? I 



4^ 



If,, a < b, with a negative ' and ' b positive, what can you prove- 
about the order of a^ and b^? If you also know that |a| < |b|, 

' '2 2 . 

what can you prove about i:he order of a and ■ b ? 

.» . 

If a ^ 0,- prove that af > 0. • 



1 

ose 



■ . ■ \ 

23-3. Solving Fractional Equations » \ • 

that we consider 'finding a solution to the following problem, 
by \)ri|ting an Ubuation to serve as a model, and, then solving the equation. 

Ipump fills a certain tank twice a^.fast as a smaller ♦ . 
ftp 'does. If they work together they fill the tank igj^ 
■ 16 minutes . How long does the larger punip require if it 
works' alone?' . *' , " 
If X represents a number of minutes a pump, requi/ries to fill a 
certain tank^ we can wri^ these functional relationships^ 




Function Description pjyuutput 

X The number of minutes ' required -by a 

pump which fills a certain tank 
. twice as fast as*a* pump which 
' re^quires ^ x . minutes 

The part of the-tank filled in one' 
■ minut^ by. a puhp which requires 
* . v m^jiutes to fill the entire tank 



(x ^ 0) ^ • The part of the tank filled in one 

2 minute by a pump which requires x 



m 



inutes to fill the entire tank 




. The part of the tank filled. in one • 
■ ■ ' . .• ' 

minute by both pumps, wp'rking • 

together 

If it takes the two pu^s working together l6 minutes to fill the 
tank, we can think of the result\as the same as for one "super-piamp" working 
f or • 16' minutes. The. output, of fi^ctior^ . ' 



Xxj o) . ... ^ . • * 

for ah input of 16 is ^ . - Hence the "^wer -pump/' or the combination of 
the two • pumps^' fills ^ of the. tank in^ 1 minute. 



Thus, in archer to answer the question in thexproblem, we need to find' 



a value of x -fox which the' output of the function 

1 . . 1 ■ 



X. ■ 1 



2^ 



is. 2^ v can state this as the compound se!?.tence 

1:1 



. 2 ^. 



IS. 



and X ?^ 0. 



Exercises 23-3a 



.What is the^^omain 




ss' Discussion) 
of functions, "g, h, and F? Why? What, 



then, is the replacement set for the equation 



-t;^ =,rz and X ^ 0? 

X i 16 • . 

2^. 



Complete this. chain of equivalent equations. 
1 ■ 1 



1 

X 1 



.1^ 



and X 



^ + LJ. = 1 ■ and X ^ 6 

X X- . 16 ■ ^ 



( ) 



and X = 0 



< — ^ X 



and 
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state the solution set of the sentence 

.^ow lang does the larger pump- require to fill. the tank? 

In the discussion above^ note, that all of the comi30und sentences have 
the same replacement set^ {x : x ^ O}. That is^ the replacement setfor,. > 
the sentence is the domain of the function > . 

■ F : X -^i- + --i- (x ^O). ■ ^ ^ \ 

■ . ' ' . ■ ■■ ■ ■ ' - . ^ / ' A / . 

The value 0 for x is r<^cluded from the domain of' the function. 
This is because'the number 0 has no reciprocal / and ■ hence - has no . 
meaning for ■ x - 0. In fact; the domain' of a function cannot include any 
values of the ^variable for which the function is not defined. *. ^ ^ 

^ ■ 

• ■ Exercises 23-3^ ;v 

1. . For each of the following expressions^ indicate the values of the 
variable for which the expression could not define a function. : 

(a) N-TT ^ ■■ ' x(x I 5) " 



(b) ^ : \ (h). 



2 

X 



X - 7 

(e) -^-^ (1^.) 
Vx + 7 ' 



1.x I + 3 



(f) ^ ^ 



;(x - iMx + 3)^ * ■ ■ 

2, ■ For each of the following^ the replacement set is not the- set of all 

' real' numbers-.. ^^*%^^ace each by a compound sentence which indicatejs the 



replacement set. 
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Example ; = 6 ' has no meaning for . x = -2-, so we write the 

^^^?fod sentence f ■ . 

— - 6 and X -2. 

■ • ^ . X + 2 ^- ^ 

• S ' -2 1 2^+ 3y 

(c) 2^.^/ ^ ^ * ■ ' ■ 
vx . * 1 



1^ With the restrictions on /the .replacement se-t stated by writing a 
^compound sentence, we can "write a chain of equivalent 'sentences for any 

fractional equation , that is, for any equation involving a fraction containing 
"a variable in its denominator'. To dp;thi5,.'we again use the field properties 
and the addition and multiplication pfroperties of equality. 

Example 1. Solve ^ ^ 3 and x ?^ 1» 

. —1- . 3 and X I <=^Xx - 1.) ' = 3(x - 1) and x ^ 1 

''-^ .<:^=>^^5 = 3x - 3 and X 1 ^ 
- . ' > 3xi = 8 and X ?^ 1 ■ . ' 

■ . . • <:=> x = I "and X ^ 1 

The solution set xs l-jJ* ; . . 

2 " 2 / ' J. ' 

Example 2. Solve - =. ^ \ ^ and n./ 0, n -1. 

yf \ ■ ■ ■ • 

i'J Vand 'n ?^ 0, n i -1 <=> 2(n. + l) = 2n and n ^ 0, n^ -1 

n n •+ . 1 I 

2n + 2 = 2n and n 0, n -1 

2 = 0 and n 0, n -1 



Since th^e is no value- of n for which - 2 = 0 is a true statement, 
the solution set is 0. * • - 



1^0" 



Exam ple 3. Solve : = — ^— and x ?^ 3. 

X-3X-3 

* * • 3^-^ = ^^4-3 ^ ?^ 3 <=^ (x - 3).7^ = (x- 3) 74-3 ^ 3 

V , * <' > y = 3 and x'^ 3 

Since there is no value of x for .which both , parts ^of the compound 
S'^nte;;ice x = .3 and x ^ 3- are true, the solution set is 0. * 

. " Exercises 23-3c c 

• \\ 

1. By writing a chain of equivalences, determine the solution set. of each 

of the ■follow^.ng: 

if* ; ■ 

.(a) |-| = 10 and x^O (e) 7 = -^ and f ?^ 0, t ?^ 1 



* 1 



(b) I - 1=10 (f) f = and t^O,til 



(c) x+ 'i-=: | and X ?^ 0 (g) | = and t 0,' t ^1 



(d) X +• - = ^ and x 5^ 0 
• X X ^ ' 

For 'each of the. following, if the replacemen:j||||;et is not the set- of. 
all real numbers, write a compound sentence by. adding a clause or 
clauses restricting the I'eplacement set. Then use a chain of equiva- 
lent sentences to determine the solution set: % 

(a) -4t = ■ ^. '(i^) ■2^ = ^ '' ^ " 



X + 1 



(b) , ■ g ^ ■ = h : . ( i) X - 17 = 33 



X + 5 . ■ ' 

(d) = 1 M 



2 ^ cr X + 2 



(e) |-| = | (f) '*x + | = x + 6 - ^ 

(f) -^1^=3 (m) ^-3=f' 



i4l 
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For a variety of problems apply ing ' fractional equations, the equation 
takes the general form ^ + ^ = ^ . An instance.of this vhich you have 
already seen is the problem vith vhich this section started,, about tvo pumps 
filling a tank. To solve tlie^ problem, ve wrote the compound sentence 
1 1 



2^ 



3nd X ^ 0, and found its solution set. 




a 



Another application is in electricity / ^ If two resistances of a ohms 
and b 'ohms, respectively are connected- 
in parallel, . the total resistance, c 
ohms, of the circuit is given by the 
equation 

b ' . ■ . 

g^ercises 23^3^ 
(/lass Discussion) ' 

lU-an electrican^ci^it in which two resistances are connected in 
parallel; ^H^^^a^g^^^ is three-times the smaller resistance. ' The _ 

total res^nSvis 3. ohms. V/hat .is the smaller . resistance? 

-nts.a number of. ohms resistance, complete these state- 
bional relationships suggested by the problem: 

■ Description of Output . 

A number. of ohms resistance which is . 
three times a recLsta'nce of r 
ohms . ^ , ' ' ■ 



h 



r -> 



r •-> 



The reciprocal of' r 
The reciprocal of 3^ ■ 

The sum of the reciprocals of r 



and 



2. 



(a) The total resistimce f or the ' c Lrcuit Is 3 ohms . . _^Vrit_^^^an , 

equation which ot-^tes that the output of F :• r -> - + ^ is • 
the' reciprocal of 3- • • • • ' 

■(b) What is the .replacement set for the equation? 

(c) Write a compound sentence combining the information in parts (a) 
. and (b) • . . ' . • 



4 a ■ 



(a) Use a chain of equivalent sentences' to determine the solution set 
■of the compound sentence in 2(c)., 

(b) How many phras are in the smaller resistanc^? 



*'The next- set of exercises includes some problems for which a useful, 
mathematical model is an equation of the general form 

S t) C ■ f,^>^- • . 

^o)- other problems, you may find a different form of equation. ' In each case, 
looking for functional relationships will help you find a suitable equation 
to u6e . . . ■ ^ 

Exercises 25-3c " . * .' 

For each of ; the following problems- (a) write a mathematical^ sentence 
which is a suitable model for the situation ♦( b) find the solution set of 
the sentence, arid^(c) answer the question in the problem. 

1. Printii^ig press A can do a certain job in 3 hours, and press B 

can do the same job in 2 houi-s . If botA'*?w:'esses work on the" job 
at the same time, in how many hours will they complete it? 

■ ■ ■ • ■ . ' W^iX" 

— One bulldozer can clear land twice as fa«t^a\p".a smaller one. Together 

if) '^V./' 

$they clear a large tract in 1 hours.. 'How long would the, larger 
' bulldozer alone take? ^'-^l' 

3, ' Air conditioner A is found to .lov;ef the t^perature of a room 10 
degrees in the first 12 • minu^ed^. ?«iWlth -'iir conditioner B working 
with A, the first change .C^^lilO° takes. ^|j^rhin(ites ; How long would 
' the - device B alone needT t^t^^lfeduco-'-.t^^^ of 10°? 

■^^■<" 'lM„^^ ' . , ■ 

i|. In 3 certain school, the rati'o ^y%^^F^&^^rr\z- . If there 

were 2500 students in thef c?^hq^l-> :n9^;^.-many- *g^^^ there?. 

5/ A certain mixture for killings ^^^iis^;:must^ rati(i of 3 
parts of weed-killer to 17 ' _par^a;,or^wgt:e-rV■ V gi^^^ of . 

weed-killer should be put in a' 10/: ■^hllun-iariS;^^^^^ going to be 
filled -up with water -to make IDr'^'gatidni^^ 

6". Don averaged 36 m.p.h. when d'ri V/frig wp r^ \ , . a nd ; . 30. ^ m'.. p . h . w he n 

■driving, home on the same route . vHt'^ ii^.me ^returnitig'^^wa^;^ minutes 

. ■ ■*'■ ■ *. : .\ *'^ * " ' . ^ • *■■ 
more than his time going to work.' I^lnld dlS'tp-ppe*, /along the route, 

. . .- :^i.s.\'-'^''-v'\ " > - ■ 



♦ ■ 

from his home to his work. 

i . * ^ . .t ' distance 

Suggestion :* Use the fact that time = — 



7. A troop of scouts hiked a distance of 15 miles to the council scout 
• cabin'.' They returned in cars over the same road at ^an average rate^of 
30 miles an hour. If the round trip had to be made in not. more than 
■ . 5^ hours, at what rate did they have to hike out? 

8'. ■ . Two resistances are connected in parallel in an electrical circuit. 

The smaller of the resistances Is 2 ohms less than the. larger, and 
th'e total resistance equals | of thie smaller resistance. Find the ' 

smaller resistance. . 

' . • • • ' 

9.. Another type of problem for which we have a , mathematical model of the 

form i + i - - is one which involves a simple lens, as pictured here, 
a b c ■ 




If f represents the focal length of a lens, p represents the dis- 
• tance of an object from the len"^, and q .represents the distance of 
"^^'^v. the image of the same object from the lens, tl»en ^ . . 

V '^C:\-.:<^>.. - :■■ p q * 

"^^'"^i ^^^^ff:^09^ ^^^^ ^^^^ ^ '^^^^''^ 2 ^""'r ^^^^^^ 

-<i::/^^>|. ' .i^Sri^rom the lens wiH the image of an object .lie if the dis- 
""v;^V^^^::{>.'^ object from the lens is 10 feet? 

-S^IS^^Si^ building a camera such that the distance from the 

'■''^^^Slft^ fil^ ^o^ld be 0.6- In., what focal length should the 

■.\ \-\^0i§^0^1ens have so tha4 you will get a distinct image^of an object which 
• '''' ■ is at a.distance of 10 feet from the. camera? ■ . 

(2) What focal length wourd you need 'to get a distinct image at 20 
feet? at 5 feet? ' • , 

(3) .Express the focal lengths. that you found in parts (l) and (2) as 
3-place decimals, and comment. 

^. kk . ■ ■ 



11. 



12. 



In the figure shown here, with 
AB, CD,, and M ' all _[ to BD, 
we can prove that 



Complete the proof: 
AIMJ - ADAB, hence 




ABMN 



X y 
X y 



hence 



h 

I — 5" 

( ) 



e + f 
e 

I — J 



i )_ 

..e + .f . 



(b) 



Explain why the length' of BD has no part in the relationship. 

A 



Suppose that AB and CD are 
corners of tvo houses, and .that 
wire? ar-e- stretched .from A to 
D and from B to C, as shown, 
intersecting at M. If AB = 35 
feet, CD = 25 feet and BD = 50 
feet^ find h, the height above 
the ground of point M. 




23-^. Inequalities Involving Fractions -^j., . ' c 

^ We defined equivalent inequalities as inequalities which have -the same 
replacement set and the "same solution set. In writing chains of equivalent 
inequalities we can use' the field properties as well as the Addition and 
Multiplication Properties of Order. ; . . 

However, if we have an inequality, which involves a fraction whose 
denominator contains the variable, special care is needed tin applying the 
Multiplication Property of Order.. Separate results must be considered for. 
the case in whiah the multiplier is positive a"nd that in which it is negative. 
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• Example:- Solve | < |' 3 , and x ^ 0. , > ^ 



1. 



Case 1 : X > 0 — . 

i < i + 3 and "x > o'<C=:> ^ <„ 3 and x > 0 ■ 

X X 

< -> 1 < 3x and X > 0 

^-^^t;^ 3 X > 0 

Solution set: (x : x > ' 

Case 2: x < 0 '. , ■ " ' . ■ 

\ 1 ' ^ 

- < - + 3 and- X < 0 <=> < 3 . ^nd • x < 0 
. . X X - ^ ^ . 

<=> 1 > 3x. and X < 0 
<=:^ ^ > X ^ind X < 0 

Soluticfn set:^ [x : x < 0} ' . 

The solution set of | ^ 3 and x 0 is 
■ ' ' [x .: X > |:^U [x : X < Q} = (x : x < 0. or x > 



'Its grj^h is: . 2 1 0 1 ' i 

- " 3 ' 3 ' 3.3 



^ Exercises ' • 

' ^or each of the following expressions, state the set of real numbers^., 
for which the number represented by the expression is zero, is nega-.. 
tive, <as positive. • • 

Expression - ■ _^ . ■ ' Negative positive 

. (a) X - 2 ■ ; . {2} {x : X < 2] _ ; 

.(b) X +. 2 . ;^ ' \ . ^ ■■ 

(c) x^ - ^" ' . ' 

(d) x^ -f 9 ■ 

■ ( e) -3x - u , " . 

(f) ■ -(x^ + 1) :■ 

(g) 1x1 - 1- . ' , , 

(h) lx| + 1 



50 



h6 




■ ■ Find the solution set. for each inequality^toJ^raw number line graphs 
as indicated. 



2. 


(a) 


y 

y - -2., 


< 3. 


and 


y 


> V. 










(b) 


y 

y - 2 


< 3 


and 


y 


< 2^ 










■•■ (c) 


.y 
y - 2 


.< 3 


and 


y 


^2; 


draw , 


the 


graph ♦ 


3. 


(a)' 


2 ._ 3 

X X 


<-5 


and 


X 


> 0 










.(b) 


.2 _ 3 

X X 


< 5 ; 


and 


X 


< o' 








\ . 


(c) 


-2.3 
;c " X 


< 5 


and 


X 


0 


drav/' 


the' 


graph 




(d) 


X X 

2 - 3 


< 5 














■k, • 


(a)- 




>i 

X 


and 


X 


> 0 










■ _.(b> 


1*3 


X 


and 


X 


'< 0 






























- (c) 


1*3 


X 


and 


X 


?^0; 


draw 


the 


graph 



■^■(a) > 2 and . y > -3 

■ ,y + 3 

..(b)'" ^ 2 .y < '-3 



y + 


3 


y 




y + 


3 


y 





'(c) > 2 . and y 5^ -3 ■ ■. . 

"For each of the following problems (a) write a mathematical sentence 
which is a;, suitable model for the" situation, (b). find the solution set of .the 
sentence, and ( c) answer the question in the pr >Mem. 

6. In planning a school building, it is decided that,, in order to allow 
enough air, each room should contain at least 270 cubic feet for 

^ each pupil. . A room 30 feet by 2h. feet is to seat' 36 pupils. At 
•what height might the ceiling be placed? 

7, An electrical circuit consists of two resistances connected in parallel. 
The larger resistance is fwice the smaller resistance, and the total 

V ; resistance is less than 2" ohms'. What is the smaller resistance? 
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Mr. Brown drives ^4- miles through traffic at an average rate -of 20 
miles ""per hour. What should be his average rate^for 36 miles of 
freeway driving if he is to cover' the entire hO miles in less than 
^4-5 minutes? ' " . 

The disinfectant on hand in a certain hospital contains 30^ actiye- 
ingredient. To reduce the proportion of active Ingredient, water can 
•be added. How much" water would you add to 2 quarts of the disinfec- 
tant so that the proportion of active ingredient would be more than 
10^- but would, ndft Exceed 20^? . • 



23-5'. Equations Involving Factors Who 9.^ Product 

Exercises' 23-^a 
(Class Discussion) 
Suppose that you want to solve *the equati 

x^ - 2x - 0, 

1, , (a) Using the -addition property 

of equality, a*i equivalent ■ 

equation is - .v 

. 2 " V 

X = s . 



is 0 



(b) Study this figure showing 

the graphs of the two func- 
tions 

f : X X ■ 
and 

g : X 2x . 

2 

For X = 2x _^to be true, we 
are looking for values of x 
for which the outputs of the 
two functions are the same. 
What points on the graphs . 
fulfill this requirement?. 




\ ' (c) What are the coordinates of the ppints of intersection? Then for 
what values of x' does x = 2x? What is the- solutipn set of 

. x^ -.2x = 0? : ■ ■ '■'■'""l 

" ■ 2 ' ■ ■ / ■: 

(a) For the equation ■ x - 2x = 0, we can use the distributive 



property to wriie the equivalent equation x(_ 



) 



(b) Verify that the members of the solution set as found graphically 
also satisfy the equation' 

x(x - 2) = 0. - . 



From the equation * 

x(x - 2) = 0 

we might guegs^ that the solution set is {O, 2}. Our guess might be based on 
our knowledge that for any two numbers a and b, if either or both of them 
.are 0, then the product is ,0. Actually / what we need here is the reverse 
statement: if. the product of two. numbers is 0/ then at least one of them 
mufet be 0. 

Exercises 23-^b 
(class Discussion)' 

1.. 'Supply reasons for the steps of the following proof of the stat^ent:. 

For all real numbers a and b, if ab = 0, , then a = 0 .or b = ^. 

; • .• - For any number, a, a = 0 or a ^ 0, but not both. If a = 0, 
then '"a = 0 or ' b = 0" is true and the theorem is true. 

If a ^ 0, then a has a ^reciprocal . If ab = 0- and 

\ 



s. ^ 0, then 




(a) .^(ab) = 1 • 0 


. why? 


(b) i(ab) = 0 ^-~/. 

cl 


why? 


(c) (| • a)b-= 0 


why? 


(d) 1 V b = 0 


why? 


(e) ,b = 0. 


why? 



• The statement- jusi; proved and the multiplication, pr-opertV of 0 can 
be combined into a single theorem: ♦ . ' ' 

For air real numbers, a and b/ ab 0 if and only if . 
. * ■ a == 0 or b = 0.. • • ' , ■ 

•What we have proved is an important fact that ^^^^ .^"^^ helpful in- 
solving equations involving products. Here''are some examples . . 

Example J.. Solve '2x + 5x = 0. . 

2x^ 4- 5x = 0 <— ^ x(5x -H 5) = 0, . Distributive property. • 

«f 

<C=> X = 0 or 2x -H 5 = 0. If ab = 0, then a = 0 

■ . or b = 0. * 

' ■ • '.r ■ 

<; > X = 0 or •2x = -5 ' .Addition property of 

equality . 

■ < > ^ =. 0 or X = - ^ ^ ' Multiplicatiqn property 

.of equality . ' . 

ftTheS> solution set of the last sentence, and hence of the original 
sentence, is. (O, - * ^ 

. ■ f 

■ . 2 . • ^ . ; . . 
Example 2. Solve ,x . - 25 = 0 . • ' . • . • 

x^ - 25 ^ .0 ^: > (x - 5)(x + 5) = 0, a^^- = (a 4- b)(a - b) • ■ 

. ■ ' < > .X - 5 = 0 ^or X 4- 5; = 0 . 'If /ab = 0 , then a = 6 ^ 

" ■ ■ . ■ 'or b = b. ' 

; •' . ' <- > X = 5 or x'= -5 Addition property of :• 

^ " , ■. ■ ^ ■ , ■ . equality . 

■ 'The solution ^Qt of each 'oentence in the chain is (-5? 53- . , ^ 



Example 3. Solvfe x(x + 3) .= 2.(x + 3) . . ' • ■ ■ 

x(x + 3) = 2(x 4- 3) • < ^ x(x 4- 3) -2(x 4; 3V- 0, . Addition property 

' ■ .. , of. equality . 

< > (x - 2)(v 4- 3) = 0/ Distributive ^ 

property. 

.• ■ ; \ • - >■ ■ : • • ^ ' . 

•'V ■ ' : - s , - 2 0 or X 4- 3, 0. -.If .ab = 0,r then 

^•'V •. ■ • . ■■ 'ivv; . ■ ' ■. =-.0 (ir b = 0. 

V , ''^^ <— > or X ^ -3. Addition property 

' ■ . of -equality. ^ 

The solution set-i^ [2, ^3). " 



• in Example 3, note that we cannot simply multiply each side of 1;he - 
■original .equation^'by . ./and get x = -2 as an equivalent equation. Why? 

• ' - • • • ** 

. ' Exercises 23-5c • * 

■ X — 7 ' - ■ • 

Solve' each of the following equations- ' 



1. 


(x.+ ?)(x - 5) =; 0 




2. 


. (x 1+) = 0 




3. ■ 


- 1+ = 0 • ^ • 




U. ' 


x^ - i^x = 0 




5. • 


• -'2=0 (this ife 


equiva^Lent to 


6.- 


+2=0./ 




■7 -' ■ 


x(x - 7)- = 3(x - 7) 




8. 


. 5(x + i) ^.,x(f^^^ 1) 






(x 4- 3H2x i, l)(Ux - 


3)-'0 . \ 


10. 


x-^ = 25x 





Anolihei' use of ' they^quivaieilcc 

ab --0 <==> = 0 or 1 = 0 
is- in solving a fractional et^uatlon on such ;iS 

■ •■ . ■ ' ^ " ^ - 0, -and X ^ -I.'- 

■ . X 1 ^ ■ ■■ . 'V ■ 



(Cl'iss DLscusGion) » ^ .. . 

* ■ « * 

^1. ■ -0 ■ and x I -1 < — > (x - 3)( ) ^ 0 and x -1 

. X + 1. - . - \ . • ^ / 

... :. <=> 0 or ^^-|^.=*0)'o and', x / ^ 

. ~ * ' '"^ ■ ' ' . " • ■ 

. . ^ ( o^' — ^ = 0) * X 5^ -1 

■ ■ ... . ■ ■. 

^- ■ ' . ■ ]_ . 

. 2. • There is 'no. real number x such thit. ■ ^ ^ = 0; hence ."the solution 

set; is ! . . 



5, "Ari important fa'^t, to bf ^ng^ed *here is, that if a fraction has the value 
. ^ ^<*0,, "the^the of • the fractj.on is ^qual te 0.^ The fra<:tion has 
.- • no meaning' if it he value of •^h^'^denominator • is 



^ In general terms, we*:cln state that, for all real numbers "'a, and 
ty ^ 0, > r = 0' if ^d only if a 



: Of; l 



+ 1 . ' 

•■ > (b)- = 

x + 1^ X +.1' '■ ... 

■ 2 ■ ' ' . • ^ ■ ■ 

■ (a) ^ . I _ i =.6 (Suggestion: write | " " | as a ■'singls 
' . ■■ . fracti^snO ' 

^ (b)' . i 5, ... 2 = 0 and y y 0 ' ^ " ' 

' ' '(a) (x - 5)(x^ r-i6) = 0 . ■ . 

.(b)*:(4^ - 5)(x^- 3-6).= 0 ■ .. 

- (c) '-Cx^, + 5)(x^ - 16) = 0 ' . 



■'(cV ' — o ^ ^ R ='o^-and a ^ -5^V ^"-^ 
^ ' a + ^5 2a - ^5 . / . 



23-6». Inequalities Invdlving Products 

We have, seen^that, for 'all ^real- numbers a and b,^ ab. = 0 <^=^'^a 0 
br* b = 0'. 4?ow let us look at. some inequalities .concerning a^, b, an^. O.' 



Exercises 



23^ 



• (Class Discussion) • . ' 

1.. Explain how you know that, if a and b are. real numbers such that 
ab rf. 0/ then neither a nor b has the value 0. 

2. ..If ab 0/ then either ab > 0 or ab ^ 0. ..^ 

3.. If ab > 0, then we are sure thaj>. either a > 0 and b 0^ or- 

. 9 ^ 0 and b ^0. * 

U.^.- If ab < 0, what do we know about a 'and b? . '* ■ ■ 

5. If I" > 0 and - b / 0, what do we know a €) out a and b? 

6. If ^ < 0 and b 5^ 0, what, do we know about a and b? ..: 



Obviously, -yie solution" set of a sentence in any of the forms stated 

in' Exercises 3 to 6 above is more complicated to determine than that of an>- 

" ■ 'a 

equation of the form' ab = 0, or the forrri - = 0.. However, no new properties 
are involved. 

Example 1. ^ Solve (x + 2) (x - 3) > 0. 

■* We know that, for all . real- niuribers a -and . b,- if the product ab is 
positive, then either both factors ar^ positive or both factors are negative. 
In symbols, this -can be stated ' * , 

• ab > 0 <r~> (a > 0 and b. > O) or (a < 0 and b < o) . 
Thus , ■ ' - 

■ (x + 2)(x - 3)> 0 < — > (x t- 2.> 0 and X *- 3 > 0) or (x 2 < 0 and x - 3. < 
<==> (x > -2 and x > 3) or (x < -2 , and x < 3) 
<— > X > ^ or x''"< -2. ■ . . 
The solution set is (x : ' x < ^2. or x >^ 3 ) • , 

The number line graph of this set is • . ' ^ ' 



V - •^..'-2 -1 0 1 

Example 2. Solve (x 2}(x - 3) < O.'i' ^ ^ ^ / ^ • \ 

For all real^'fiumbers a- and- b, if the product ab is .negative, then 

■■"onf of the il^ctors is positive and the' other is negative. In symbols^' 

ab < 0 <C=> (a > 0 and b < or (a < 0 ond b > O) . 



Hence-; "(x .+ 2) (x - 3) < 0 (x + 2 > 0 and x - 3 < O) or ' 

• (x + 2 < 0 and X - 3 > O) . 
<:=r> (x >:-3 and x < 3) or . (x < -2 and x > 3) » 

Since, there is no number which is both less than -2 and greater than 3, 
the solution set of the second part Is 0, and we have the equivalence. 

(x + 2)(x + 3) < 0 <^=^ > :2 oand x < 3 

•• ' . <=> -2 <.x < 3 ■ ] ■ 

The. solution set i^s (x : -2 < x < 3}». 

The -number line graph is . 



-3-2-101.23 
Example 3- Solve ^ ^ ^ > 0 and x ^ 3. 



* ' For all real numbers a and b, if the quotient . ^ is positive/ 
then either' b6th a and b are positive' or :bo^th a. - and b are negative, 
T^n symbols 

' ^ >i-0 <=> a >0 □nd.b.>0, ' or_ a<0 and b <• 0 . 
■' >■ ^ ■ . 

Hence ^^^■i>C- and x ^ 3 <C=:^' (x + 2 > 0 and x - 3 > 0 and x ^ 3)- 
X - 3 ■ 

or (x -t- 2 < 0 and ' x - 3 < Q ^^d x ^ 3) 

The solution set and thi.' graph :^re the ^''ime as those in Example 1 
above . ^ 

Exerciser. 23-^^ 

1. : Solve (2x + 3(x - 3) > Q 'md graph its solution set. 

2. - Solve x^ < 25 'and grviph It': :ujlution r.et . , . f ■ ■ • •• 

3. solve x'" + 3x :< 0 and graph itn solution set. p.. / 

.1^., Solve '^^-^-^>'0- and x ^ -H 'ind graph Its. solution set. ' - . •• 

.5. \ (a) Solve each of those: (:< ,+ /')(>' - 3) = * 

^ , ^ (x ^ 2)(x - 3) < 0 . • 
. ' ' (x . - ,3) > 0 ■ 

.(b) Draw the graphs of the .t+i,ree .sentences on three parallel number 
lines. What do you observe, about the union of ':he three sets? 



(a) Solve each" of these: ^ ^ - 0 and x ^ -3 " 

< 0 and X -3 

^ _^ ^ > 0 and X ^ -3 / 

(b) Draw their. graphs- on three parallel number lines. What do you 
observe about the union of the three sets? 



X 




3 


X 




2 


X 




3 


X 




■2 



Suppose that you needed to find the solution set of the inequeflity 

. . (x + 3)(x + 2)(x - l) > 0.' 

To use a compound sentence for the purpose -is very complicated, since for a 
product abc ' of real numbers to .be positive we have to consider all possible 
cases in which two factors are nega,tive, as well as the case in which n£ 
factor is negative. In symbols, 

abc >'0 < > a > 0. and b > 0 and c > 0, or ^ ". 

i a > 0 and b < 0 and c < 0, or 

'■ -. a < 0 and b > 0 and c . < 0 j or 

a < 0 and b < 0 and' c > 0. 

The following, use ■ of a number line graph shows a more effective way 
for dealing with such inequalities. 

Exercises 23-6c 
(class Discussion) . 

1. Solve (x + 3)(x 2) (x - l) = 0, and show its ■ graph on. the number 
line . * . . ■ 

2. Vmat is true for each of the factors (x + 3) ^ + 2) and '(x- - l) 
for any x less than -3? (Try x = -h, for example.) 

3. We •indicate on the number line the :^act that for. any x less than -3^ 
ali three factors are negative numbers and therefore their product is 
negative: . . , 



-3 -2 -1 0 1 

Consider values of x between -3 .and -2, between -2 and 1, and 
larger than 1 and decide for each' case whether the product of the 
factors is positive or negative.- Indicate your ■ decision .on the number 
line you' drew for Exercise 1, , * ■ * ^ 

■ 55 ^ ■ 



Since the values -3, -2, and 1 are those for which the product 
has'the value 0, they are the points at. which a factor changes its 
sign froni negative to. positive or from positive to negative. Each ^ 
time that a single factor changes sign, the product changes sign. 
Check your final diagram with that shown her,e: . ^ • 



Use the diagram to help you state the solution set of each or zne 
following and to draw the graph of each. 

(a) ; (x^+ 3)(.x + 2)(x - 1) > 0 , . 

(b) (x V 3)(x + 2)(x - 1) < 1 



■Thus the number line.can be used.as an aid in finding title solution set 

* * 

of . a -sentence which states that the product abc ... ^ 0 as- follows: 

■■■ il)' FiTif3 air values of the 'variable for ^Kijch the product 

- a -^b ... ,=-0. Locate on the number line the points corres-^ 

.pc>nd^ng' to such pumbers. ■ ^ ■'/ ' ' 

:. (2) ■ 'From ieaph. -section -into which t^e points separate the number line, 
select' a' singi> -pointy, and/determine whether its coordinate makes 
the product a - b-«- 'c' positive or negative. 

Since the points for which the product is 0 are the only points at 
which a factor changes its sign from positive to negative, all points in^a„ 
given section represent numbers with the same sign as the coordinate of the 
sample point from that section. Thus the solution, sets of a -* b « c • . . . . > 
and of a • b « c <.0 can be readily determined. ^ 



Jlxercises . 23-6d 

For each of the following, draw the graphs of the three sentences on 
three parallel lines, and state the solution set qf each sente 

1. " (a) x(x - 2)(x^4- 3) = 0 • 

(b) x(x - 2)(x + 3) > 0 

(c) x(x - 2)(x 3) < 0 



bence . 



CO 
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2. 


'(a) 

(b) 
■ (c) 


(x + 
'(x + 

(x + 


3)(x + l)(x - 2)(x) = 
3)(x + l)(x - 2)(x) > 
3)(x + l)(x - 2)(x) < 


0 
0 
0 




3. 


(a) 


(x^ ■ 


- l)(x + 3).= 0 








(b) 


(x^- 


- l)(x + 3) > 0 • 










(x^ ■ 


- l)(x + 3) < 0 






1*. 


(a) 


••(x + 


5)(x + l^)(x + 2)(x)(x 


- 






(b) 


(x + 


5>(x + h)ix + 2)(x)(x 






(c) 


(x + 


5)(x + U)(x + 2)(x)(x 








. (a) 


- 


l)^(x + 3) = 0 


: 3 






(b) 


(x - 


l)^(x + 3) ^0. i 








(c) 


(x - 


l)^(x + 3) < 0 







23-7. Summary * , .\ "V'?^^^/^^ ; f^*' 



Section 23rl.. ■ ' ■ ■ k./:":''^ ' -^I'l?.'':;^," 



The r e'p'l a c'fementc g e't • f 6 r ' -a rl; ' e qua t'i d ri- -in. one". variable is- the;';sani'^j||pf-/; 

- ■ " as the intersection^; plfVihe;' -^bgiairis '.Q'f; all functions ^Inyojved;" 



' ^ irr tfie' equation ^' - ■ '. • 

-■■Bachj value -of the, vari'e^'tole'v.fdriV^^^ is true is,^ c&l!!^ ■ * 

• , a- solution " of tJae^'^seWte^ck'-a^^^ of all such v^lue^ .i;-^, 

• ' ' t he^ s olut i o n • s e 1>V ..Qf : ; ■ th'e;; • $ e yit^ n c ^' :■' , : ' • , ' V r^V , 

E qua t i o n s which ha y e : < t lie : J s,a me ' : r^pl'a c em^n't ■ . s e t * a nd ■ t he s a me so lu • } ■ .■ ' . • 
'^ ■^ "tion set '.are ca:ilfeci>j^^ ^ ' ^ ',' 

. A n, e q ua t i;0 n ' ma . tie' . s oi^'.^pi'i^- ' •■i},i^a,t ing ''a':, cha inof.equival e'nt e qua - ■ . ■ 
' ^ ' '■■ t;ion$. such th&: ^ chain has an obvious 

•■ \soiution /Set'^^;' equivalent, the 
■ • . • s 0 iu t i t> n set ■ *0 f ■ th^ fen^'L eguh't io n. • .1 s t h e ' . s o lut i on set of the ' . , 



.original' , equatipP** . ' 



/■Pro|)ei' 'use qj; any oi'vtli^' fV^ld. or of -the .addition or 

. , ■; ' "m.ult'i^li (iatio^i 'iiroperty' of '/equality , will lead from ^one 
. .: ■ ^- equation i to /ait}J.;^uiyale^ ■/'*■. 
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• The ''properties" of equality are: 

(1) Addition property of equality: For all' real numbers a, 

and 'a = b if and only if a + c = b + c. 

(2) Multiplication property of .equality: . For all real 
numbers a, b, and c " such that c / 0, .a = b if. 
and only if ac = be. 

We use the symbol > " 'to mean "is -equivalent to." 

Section 23-2 . - ' 

Equivalent inequalities "are inequalities which have the same 

■ replacement set. and the same solution set. 

Proper use of any of the field properties or of the Addition-^or 
the Multiplication Property of Order enable us to. write-, a 
chain of equii^alent inequalities. ^ ^ "j: 

Stated in terms of the order relation "<", we have: . 

Addition Property ,of Order : For all real numbers a, b, 
and ' Vc^,.' '•a*<: b'^. if and only if a + c <: b + c ' . v 

■ * Multiplication Property of Order: For all real- numbers a, 
b, and c such that c / 0. . * 

' (l). a < b if and only if 0 < c and ac < be. 

. (2) . a < b if and only if c < 0 and be </ac. 

■ ' ' 'Since "b a" can*' be ' equivalently expresseci/as "a < b'-' , 

simiiiar, statements", can be made in terms of the relation ">" . 

used the Multiplication Property of Order to prove the follow- 
. ing theorem, about the order of the . reciprocals of two numbers 

' For any two nonzero real numbers a and b, if - -a' < b, then 

■- < i if both a and b are positive' or both a and b 
__ ba_ 

are negative , , 

■ • * — <.— "if , r\ is tisi0»itive and., b is. pos itive , 

■ a b 



?8 , 



(J 2 



Section 23"3 - / • 

An equation involving fractions whose denominators have the value 
0 for some values of the variable shoiild be rewritten as a 
compound sentence by adding a clause or clause^ indicating 
any restriction on the ^replacement set. 



For example 



■.X- ' - 1 X . . » 
has no meaning for-v'x = 0 or. x = 1, hence we write 



3 ^ ^ g 

X X - 1 X 



— and X ^ 0, x ^ -1 



For such' compound sentencesy equivalent sentences can ' be Written 
'by, applying any of the fiel^ properties or .\the ' additidnv-.or .. 
.multiplication property of equality*. V. ^ 

A fractior;al equation, of the form ' - ■ ■.. ■ 



1 + ■ 

a b , c •' ' ', 

was found. to have several applications, including problems . ; 
concerned with filling a tank,- with an electric circuit made 
up o:^ tv/o resistances connected in parallel, » and with th^ 
- objec^and Image distances in relation to a, lens. , ; 

' • ' ■ ■■■ ■ ' J. ^'' ' . 

Section 23-j£. " . ■ ' . ■ 

In applying the Multiplication Property of Order ';tp" 'wite;. a chain 
of inequalities'. ^equivalent to a fractional ineq"\ial,'ity. in 

which the multiplier.' contains the Variable, separate cons id era 

' ' " S • ■ ■ ■ ' ■ 

tion must be given to each case -- that in which the mult i- 

plier is positive 'and that in which it is -riegative. 

Section 23r5- , . ;:'■>,■, . • . 

A theorem whiqh enables us to solve an equation for which we. can 
write an equivalent equation in the form ab =0 is: 

. V For all real numbers, a and b, cfb = 0 if and only if ' 

a- = 0 or -b = 0. • . ^* ■ '• 
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Another theorem, which follows from the one .just stated, is: 
■ For all real numbers a, .and 0, _| = 0 .if and only 

if a = 0, 

Section 23-6 . . • 

' For all feal numbers 'a and b, ab > 0 if and only if: 
a > 0 .and b >. 0, or a < 0' and b < 0 

. - For .ail real numbers a and b, ab < 0 if and only if: 
a ■> 0 and b < 0, or a < 0 and b > 0 

• For real numbers a and b, b 5^ 0, f > 0 if and only^^ifr 

a>0 and b > 0, .or a<0 and b<0 

For real numbers a and b, ' b y 0, . | .< 0 if and only if: 

a"'S-O and b < 0}r a < 0 and b>0 

If a sentence states that the product of three or more factors 
• ' ■ is 'greater than or l.ess than .0, then the solution set of . 

the .sentence by means of an equivalent ■ compound sentences 
becomes very complicated. An alternative;>ethod, usee a 
number line diagram as follows: • _ - 

(1) Find all values of the variable for which the product 
is 0. Locate on the number line' the points corres-' 
. ■ ponding to such numbers. ^ ^ 

- (2) From each section 'into which the points separate the 
. • number line select a single point and determine whethei 
, •'■ • ■ '• its coordinate makes the product positive" or negative. 
■• : (.3) Since all points in a given section have- the same , 

■ y. effect on the sign of .the product,, the solution , set of 

either a • b. • c ..... >0 or of a • b < 
/ can be determined easily from the number line. . 



■ ■ Chapter- 2k • • 
QUADRATIC FUNCTIONS 



2U-1.. . Introduction 



Consider the function 



f ■ : x^-> ax -t^:- bx + c 



where 



becomes 




g 



bx + e i 



Its g;raph' is a non-vertical' line. 
Figure 1 shows* the graph in the ■< 
.XY- plane of; the fuiiation 

(Recall that the eqviation ' y > bx c 
describes the output y .of' the f . 
■function ''.g :*x ->bx + c -■) 

"In particular, if - b ' also; is 
0, the function becomes the constant 
function 

h : x.-> c , . ^ . . 

Its graph is' a horizontal line.r- In ■ 
Figure 2 we show the graph of- . 



If a / .O, the functic 



f X -> ax + bx + c 




Figure 1 







— ^ 

0 


i . ' ■ ^ 




/ 



Figure 2 



is called a quadratic toiction. The word "quadratic" is derived from the 
Latin- verb "quadrare", wlUch means "to make square"; the expression ax^ 



■invbives-the'sauare of the variable x. Similarly, for a 0, an 
expression of the type ax^ + bx- + c; is. called. a quadratic " 'expression . 
An'equfltion. of the type ax^ + bc + c = 0, a / 0, is'-called a quadratic 
equation. '^'. . 

Figure 3 shows the graph of 
-the 'basic 'quadratic function 

f : X -> X 

The graph of any function of the 



type 



X. -> ax^ + bx + c , .a^ 0 



has this general shape, and is called 
a parabola ♦ , . ■ 
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Figure 3 



Q • Exercises 

... (Class Discuspon) 

Consider the function . . 

2 ' ' ' ■ 

f : X -> ax + bx + c.. 

, Name which type of function, constant, linear, or quadratic,' f is, 
•given that ; ' ■ > 



(a) 


a 


= 0, 


b = 0, 


(b) 


a 


= 0,: 




(c). 


a 


= Q, 


b ?^ 0, 


(d) 


a 


i 0, 


b = 0, 


(e) 


a 




b. i O, 


(f) 




i %■ 


b ?^ 0, 



i 0. 



About the year 1590,- Galileo proved that the velocity of a freely 
falling objectis. directly proportional to the time it falls. To 
express this as a function of time t we might write. . ., 



3v 



'J'- ■ - (a) Find the value- of b ' in the . function r . 

■ .■•y ; V ^ . ■ . •;: ; . ' ' -h : -t -> bt ' . _ 

. if you observe- -that .in 2 seconds a ball dropped from 'the ^ 
top, of a building attains • a speed of 6h ft/sec. 

; (b) '.Use the value . for - b." ,:,found;jin part (a) to write the. 
function relating time in seconds to speed ift ft/sec* 
Is it a ' constant, a linear, or a quadratic function? 

• (Ci) What is the. value of the. output .of. ' • ♦ 

•; ; ' . ■ ; ■ , , h'V t 32t .' • , ' 

*. ■ " * ■■ ■ • V-'. ■ . " * ■ 

"\/ • for an .input of. If a ball is dropped from a high 

: .• /^■'building/ how, 'fast is ,it falling at. the end of "5 seconds? 

Some eq;Uatib;ns with which ye have dealt in earlier chapters are: 



y.: > 8091 ; 

'^2 " 



hrt. 



x--^ 2x;=^: 0:; /■■Sht - i6t 
Each of thea^ is an example of. a ' _ 
The . graph ' o f ^ea c h is' a . . • • - ' ■ 



+ x = 1 



equation. 




/ Tjtie parabola i^" a. 'curve which 
6 c c ur s in " 'hsi ny- J>hy.s i cal .sit uat ions. 
■ ■lt"-;is' the path, of, b^Gk^tball as it 
is tossed' into the basket^ th^ -pafch' . 
of a baseball hit .fpr a home -run). . 
the path of a: bullet shot from a'; 
gun. Water falling over a . 
precipice fol lows ^"pa-T^abo lie path, 
as do sparks from" a skyrocket in 
a fireworks display.. . ' : 



" . - When a- parabola is"^ rotated about-;..'its axis , it .traces a parabolic 
surface, called a paraboloid . When a sov^^ce of light.ls placed- at a certain 
point, called the focus, all of the light .'striking the surface- is .reflected 




in parallel" lines, as shown in -.' /^ 
Figure h. The lieadlights of .cars, 
»^searciiliglits,* and" beamed radio., 
-transmissions make use of this; 
property, 

In -a similar. fashion, a 
■ parabolic surface' cgga -be.' used to 

collect heat from sunlight, by , . 

- concentrating at'the focus the 
parallel rays fr6m the sun. This use 
of a parat>oloid as an "accumulator" 
also. occurs In telescopes g,nd in 
radar listening devices. 




Figure h 



Funct ions of tAe Ty pe x ax"^ , ■ a ^ G 



In the last section 'Ve defined a quadratic function ^s a furifitio^^of ; 



■ the' general form" * 

' - ' f . 



2 ' ■ / 
X ax : + bx + c , and a f 0 

In- this section we shall look at the special, cas^e /.of the quadratic ^fiinct ion 
. for which b = O ^and. c ='0« 



We called the, graph :in. Figure . 3u 



of Section 21^-1 the graph 'pf .the , 
j" .basic quadratic function 

r ■ 

V ■ ■■. . 2 ' 

■ f X X ■ ■ • 

". * 

• that is, the. graph o£ the. function 



' ax 



f.or a r^'Xr 



Figure 5 phows t lie graphs 
of the equations y =■ x . ; and 
y = |x| on the same set of' 
. axes; 




1. 

2. 



Exercises . 2U-2a 
Class • Discussion) 



Use Figure 5 to help you to answer theU'QirtSving questions. ■ 



and y 



what set o-^ ov^d^ed ]^2^s is it tf^ue that y = x 

> >^ V. • V • , ,2' 

(a*) Fo^vhat set of values, oj .x is |xl > x ? 
(b) For' whE^^' set of values of oc is |x| < x ? * ■ ^ , .'^{^ 

(a) •^'or [x : 0. < x <. l] tT\e;graph of'^y = x abovfe or below ^ 

• . • ' ,• 'iSJ . . ■ ... 

the graph of" y = .|x.| ■? For what other set of values of. 'x ' ^is- 

t^le same fact* true of the- two graphs? * • ' 

' : ^ • 2 ■■ ■ ■ ■ " ' -"^ 

(b) For : x < -l) is the graph of y ^ x a"t^ve or below tfee .^^ 

•graph of y ^ jxj ? For vhuL other sd^" of values of ' ^ x is'^the ' • 

-.same fact truil'^of the" two^ graphs'? . \ , 

, ,^ "i; *.■ ■.' • • • 

What Is the slope of • '•^ 

(a) ' the ray, yhich is the graph of .- y = [-xj and X;>^0? 

(b) ■ the graph Gf y j xj arid .x< 0? ' ^ . 



Next we compare the. graphs of 
y = ax . and^ of y = alx].. for some 
cases where a > ,0 and a / 1. . 
Figure 6 shows the graphs' of 

1 2 




■■V ■ . 



. -rjij -Use;, Figure 6%o' ia(jtip yo^ansver the fdi-iwing. quest^i^is^ 

1." Foj what set of . ordered '^pai^^is it^t ru^hat^ ^ ^ • 

' ^^a) y = 2/^ ,ancf y;^ 2|xl ? ^.^fe 



, (b) ;s= f ='t 1^1 - ' 



..2.' ■ For what set. of .values bf^ X - is 



■ -(a) 2x^ <2|xf'? e'/v ' ■ (b)' 21x1 < 2x^.? _■ 

■*^c) ^/<i.lxl?^. ^ (4 J 1x1 ^v^'^ 



^. - 4a) 'For alLfnori^eroTOlues jof x/ is the graph of .y ^'x above 

/. 2 12 

''^ , ' or^belov'rthe graph of y = x -3- . Is the ^raph of y.= t; x-^. 
.p \ ■ ^ . ^ ■ ■ ' r « ^ 

■ ■ • ; above. ^i^^lbv the graph.. of y =^x ? . / 

(b) For all nonzerb^^lues of is the graph of ..y = -j^ \x] . abpve 

OK. belov:.tfe:e'graph of y .#^,xl ? Is the graph o^^ y = ^]^\ 
above^or beiojg the graph of '^,^- j^xj ? \ ^' -'^^^ . 

1^.. Let/us see- vha1^g0ieraJ. observations^*V.^cari make con^^rning .. '^^ 

y-=.ax^ for a^Or -.>. ' ■ . . , ■ M 
. (a). If ,x^= 0, „then ,y = _5 ..if Ixl #hen y - a; ■ ■ 

! ■ '■■'M^ if " ox Up< l/ t^en 'o < 1 > 1.. ■ ^h^^^' 

■? ■ y- > ■ ^ ' - r. ^ ■ 

(b) TQp graph o f . y = ax^; > 0 is parabola which, opens • upward v. 
; ■ ' Its-; lowest point is th^' of igis^ If a'.=^^ 1, tljgrj y = ^x / 

and its. graph ' is the ,pa:]^bola shown in Figure 3s, ' ■ . < 

' ■■• •* .'■ "^'5- 2' ^ 

^.V "Cl) %f 0.< a*< l.'then does ^he graph 'of y ^ ax- ''ai^' -r 

• -t above or 'below the graph . of y = except at (O, 0-),? 

^ ' . :' ^/^\^ ■ ■ _ 

V 

^. . ■ . ,1 , ■ ■ ■ . ■ 

( c ) all real values which '■of the following is the range 

ofV y? ■ A ^^Hiy l'y > 0], 'b = {y : y > o]- C = {y : a 
real number] . •'^ . . 



(2) If ' a > 1, 'then^:^except:at'^(0,0).U;|does t^e-.^ph of 
ax lie above or bel6w the graph of y = x. ? 
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Think ab©wt the graph of the equatiop,^ y = ax for a < 0 and try to^ 

"^'answer these questions. ^ y«r\^ 

(a) Does the origin lie on- th^e graph? . ^ • '. ' 

(1^ Does the graph' contain any points for which the ordinate (i.e.. 



•bhe.'value of y) •. is positiVe? /x,. 



(c)- Describe how you think 't hp graph. o^ the first equation in, each 
•pair compares with the graph of the second equation. 



y = -x; 
y 
y 



-3xj y = 3x , 

1 __. .■_ - 1 



2 x5 ' y - 2 ^ 



'y = ^x; y 



.-5x 



^ ' ' In sumTTiary,' the graph of the function 

^ f : X -> a^. a'> ^ ..>•• 

s ■ ■ ■ ■ ■ • ' _ . 

is -a parabola which contains t\ie origin-. The domain of the fiinction is the 
set of all real numbers; its range is the set 5f ali ^fton- negative real^ 
numbers. . Thus the origin is. the lowest point on the graph and the cg:;dinate, 
0, of the origin^us the minimum (or least) value of the function. 

■ Let IS? think of ?he graph of . 



« X ax , ' a = 1 ; 

showfi here,, as the* ^'basic^J parapola. 
is- app^ent that^lf a '^^P^^'v^r^^en ■ 

for any nonzero input the ^tjjut Qf . - ' 

. ' ^ ■ ■ ■ ■ > ■ *' 

4:he fufi^ftion a^igreate^kthan- the ... 

•^2>C or res ponding t>utp(irt for the ' [ 

f miction whose gra^h' is the basic 

. i V-,- 
parabola. . H^nce .the ^raph of 

* ^ 2 " ■ 

X ax , a > 1 r*. 

is a parabola for which the origirT 
is the minjknum', or lowest, jfcint,, . 
but whj.ch is narBbwer and steeper . 
. than the basic paralDola. 
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On the 'tlier hand, if 0 <.a < 1, then for each nonzero input of • 
the function ' , ■•. • . / ' ^ ^ 

• X ^ ax^, 0 < a < 1 ^ y-'' 
the output is less 'th'an the corresponding output of the function 

, X -> X • * 

• a'nd the graph is flatter and broader than the basic parabola. 

In the final exercise in Exercises 2i^-2b you were asked to think, about 
the graph -of y = ax^ for, a < o\. Another Vay to describe the graph is 
to' call it the graph of the function' 

■2' 

■» - a 

Compare this with the function 



y X - ax^ , a > 0. 



X ax , a > . 0 



and note the -following facts about their graphs, ■ ' 

' (1) For any nonzero value of. a, ^the graphs of ttje two functions" 
have the same shape - 
■ * . -(2) For each value of ^x, the ordinate of- the point on the graph 
. ' . of one "function is' the opposite of. the ordinate of the cor- 
*/ responding point on the. graph of the- other function, 

(3) - The graph of x,:^ - ax^ , a.^ 0, % the graph of . 

■2 

X -> ax ; a 
{k) The domain of the function 



2 - ^ 0/ reflected in' the* x-feixis , 



X ax^ , a < 0 
is the set df all real numbers ;\tj;ie-^i:^^ is (y :-y < 0} 

■ Exercises 2^-2c 
On one set of axes, draw the graphs of the following functions, 
(a) x-^ |xV X ^x^ 

(c) X- - |x| ■ _ . (d) X x^ ■ ' . ' 

. On one set of axes,. draw the -graphs of the following functions. 

(a) x-i ixr ; • >^-i4.., . .. 

(.) x^-^lxr . • -Vf-' V'^V: 



2 • . * 

If a = 0 in the" function x ax , ^vhat kind of function results? 

What is its graph? 

.Draw the graph of the function . . " ' ' 

' ^ 12 . • . • 

f:x-^^x, 

■ , . ■ " » 

(a) For these points on the graph of . f , what are theJr images for 

^ the reflection on the Y-axis ? 

point ^ • image 

(2,2) . ^ ' ■ - ^' 

' . (^3,|) : ■ ; ■ . ^'^ ^ 

(u,v) - * ^ 

(b) " Are the . images of the points also on the graph?. 

. (c) ■ Fold your graph p&per along the Y-axis; what do you observe* ■ 
about the two parts of the pB,rabola? 

(d) Recall that when a figure is invariant for a reflection on a 

• line • the figure is said to be symmetric, with line i , as ^ 
axis of symmetry- What ^s' the axis of symmetry- of the parabola 
that is the graph of f ? 

For each of the' following functions, tell whether or not the graph is 

■ . • <^ , 

symmetric. If the graph _is ^jyimnetric, state the axis of symmetry- 

(a) f : X ax^V a ^ 0 

(b) g : X ax, 0 ■ . " . • . 

( c ) h : X a , a jii^ 0 

(d) k : X a|x| , a ji^ 0 * 

In his experiment with, falling bodies, Galileo -showed^ i>hat the ' . 

distance traveled by a falling body is a function .of .the time spent 

ir^^ fallings When the time is t seconds and the distance is s; feet 

the relation is described by the equation ^ ' 

^" ' 2 ' - - ' ■ ' - 

^. ■ V / s = l6t% ■ ■ ^ 

which ±B the. rule for the''function 



(a) Draw. IShe graph of f. (IH^:/ ,instea(^,pf us,irig-th5 same scale 
. "on both axes, let 1 unit . on the . >.axls • rcorre^^^^ 

on the X-axis.) . ' ' ' / .; " ■■ ■ ;. 

(b) If a ball is dropped from the tqp Qf; a building V^li-p_9- Jeet _ 
' . . • in how mny seconds will i-fe' reach* the ground? If, th^^^^^^^ 

^ " . is to serve as a'mt^^tical mo(Jel of ;the\ph^^^^ 
>ff ■ it is apparent that ' the domain of the f un*ction . is^ 

■the set of .non-negative numbers,'' Thus you must :s:olve the y 
equation . \ '.^ / ; . - ' •. 

. • • . l6t^ = UOO an5i . t > O; ^ : . ; . . ''Vv j.. ^ 

16^ = i+00 and t > 0<^=^5^ = 25 and ' ;t-:> ;0 . ^ . ^ 
■ (c) If a -ball dropped from the top of a ?ower hits 'the ■.■ground i^ ^ 6 
seconds, how high is the tower? Again the function ^ ; ,v 

2 ■'■ ^' ^ ' '"■ 

■ ■ . f : t l6t ' : ^' "r '' ■ " 

can serve as a mathetnatical model of •the^physicar;^sit:u^ionH 
. ' 0<t<6. O^is time you are looking,- e^r, the outp^^^ 

inc tcTVcu-input of 6'. ■ ■ - ■■ ,1"''"': ^ ■ / , '. V 

I . ■ ■ ■ .■ .. -■ .■'■■*>.■■■ }<j ] 

. 7. Suppose that a ball is " dropped from^the' top of .,a^t|jer- and/hits 1^^^^^^^ 

-^.g^nd after 10 ...seconds.. How hig"h .is ,4>l?e •toW'er? Z 



t 



■ ■Cbnsid.ef the 'function , f such; that , for'-a^ch 'input we get^an ^utput 
which ;^s/the.square of, the input. , We;.speclfy^:thl'G. W, r iw.xM'X .. , ?f ,. ' 
f r^uently used notation^for indicating the'pi:^put;of,:a 

giV^n^input, in is ;'f(n)''^-.>*ich ig^^sualiy.^tead W", 4: / ; 

"f--at n"; For the ■ functio^^ , ^ ). ;V' • ,^ ' ■■■ ' W'' 

■ ve'can ;rite.: f(l^^:^ l/!;>C-3):= ■ ' 

: , f ^Rc^'^^^y^i '^^^''^&i^4 ;'J^<|i;ur^:ibn ■ f 



• Thus 
as3lgns to 



^(x.) -is Mi M^&r^ - f; a/^a^e^^f ^ X,;; .and; the . 

output is iMe '^B.^^:'ik^ ^:^i^^^i'^^^^y^''=^^^f^^°'- ■ . . 



For brevity we sometimes say merely 



f(x) -x2.,:.V 1- 



■■■■ 0 \V 



but. the longer sentence i,n the previous para"graph*;is -vhat we mean. 
When' we refer to the graph of' f (*x). x ; \ 



: : we^. mean the : graph; of 
• ' wbi c.h is/ the' graph of " 



f : X -^x 



y =. -x. "• bri 'the • XY--p],ane> 



^br rttiis . 'gripri-,i "any-'pt^int ■•■ "('x^, y ). ', can be des lgnated_as : . (• x ,y ) , ! ; 6 r as 
■(x:,f(x))V'-,'*br;^s 'Xx^x v • • ' • . . . 



Exercises 2k-2-d 



■2 



y^f.' ■ Jteidrig .tli*:.-''p$5ints-; .-(jt",:;? (xX) .. on the graph pi", f ; :' x -» 2x. .are 

:;' -.;v;\v--^tv). ' (2. a) ^ -:and^y /.^) . 
^(:c). ;;,(3;i8) 'and^-T :-: : . 18$:; = 




o ^. ■ thf n* ■• ( -p, ' ) is;^^?^ 



7 'f"'- 



v"(.a)- ' If }; Qp^q};?!?- -is. on;^e'/grapli?Qf^^^g^ - 
■ .^v • -.als-oVon. l3h^%raph of V x: 7^F;-.V:50g>" 

.If^ q, .then .f(-.pO . , , , .^-^^^^^ 

d-- ■k'^-"- ■■ i'-^ ^>;-. 2- / /-^ ^ ■ ' ^ ■' ■ ■ .• 

.^..; . :;.;^'(a^^^^ thev-*jgial^t).^*p^' ^/'^J^vax 3 j^^' Q> de-scribe the Iqcatiori, df [ ■■' . ' 

%:vV'\'-'-^' ^MjS^^^ 'i relati^to c'ach other' and to'^'Skv/ ' ■ 

-r'"'- - .:.(b.y 'l/^.th^''- the>^ j^ ■ ■ axij^CwI'the •.. • 
\ ■ ■ ■ \ of»..\^ ax.r'on either side: of the IjL^^;^^^ 

W V'- "--^^ ' e^^'t io^'^^ coin.cide; point vould*^%:^^^^'±'de ' . 

.: ."••'Cq-'V; ;The^/gm^)K '^siX M.ft^^^^ - ^'-'^^if^ymmetric about the line given " 



\ ;-..;|^a'^)y ^^^^ -> ax -'^''^^^ymmi 



MM 



^ ; ■ - V- tb •) • . /The'.' ^^l^h' 'ti C " V y - ax •^ .is s y ti^ie t ric about the 

5-'-, . Jl<»."r;, •ea<ih of ;thi$ f functions, -the point:' (u^v) is'. 

' ■•;.\> A^p'n •the^;g:t:4ph O'fji/^g* j-arid '^^"he psin^tj f (u^w) is on the graph oT g; ' 



de-termine which is correct, v > w or v < 



(a) f : X 2x 

(b) f : X ^ 2 ^ ' 



g : 3C 



-2x 



■ : .X ^ 2x 



(c) f : X ^ - ^ X ; g : X --^ -2x 

Complete the following table. 



, If the pair 


■satisfies 
the equation 


then the 
fair" 


satisfies 
the equation 




' 2 
y = 3x 


(e,Tl2). 




y = -3x 


(3>l8) 
(1,-5) . 


' 2 
y = ax 


(3, 




2 ■ 

y = -ax . 


^ 2 ' . 

y -= -^x . 


(.^ 


) 




(-2;n) 


. . "2 

•y = ax 


• (-2/ 


) 


y = -ax 




■ ■ 2 ■ : 
y = -bx 


(-3, 


) 


, 2 
y = bx 


. (u,v) ^ 




(u,-v) 






'■0 '\ 











. ^ ^ ■ ■ _ 2 

■ On one set Of axes', sKetch the- graphs of- y;.f^ of ■ y - -x , 

Then fold the paper along the X-axis. ^ 



'{a) What .do you observe about the two graphs? ■■: . ■ 
(b) Explain which ,of the following rigid' motions take the graph of 
ypb ax^ into the graph of y = -ax . ■ ■ . . 

■ '"'(1^) "translation ^ " . 

(2) /rotation' . 
> (3) reflection 

For each of the following determine a sS^that the graph of^ y = ax 
contains 'the given point. 

(a) (1,1) ■. : " (^i) . (I'-l) . - . ■' 

(b) (1,2)..'^ , v . (e)^ .(2,-2) • .. ■ 

(c) (2",2)'. , . ,y ' . '(f) ■:d.-2) , 



72. > 
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1 ■ If the point (u,v) • is on the graph of y 



then 



10. 



11. 



•(b 

' ( c 
' (d 

(a 

(b 
(c 
(d 
(e 
(f 



the point (u,2v) is on the graph of ' y = _ 
the point {\x, — «^-u ^^r* „ ^ ± ,2 

t^he ^oint ( 



) is on the graph of y = - x ; 



_) is on the graph of ' y = -2x ; 



the point ( - p v) is on the graph of y = 



What is the sum of the first three odd integers, 1^ 3,* and 5? 

What is the. sum of the first four odd integers? . ■ * . " 

- . , i 

What is the sum of Jihe -first five odd integers? 
. . . . ■ • . ' 

What is the sum of the first seven odd integers? . ^ ■■ 

What;is the sum of the first ten odd integers? 

What would you guess to be the' sum of tte first twenty odd*' 
integers? Cheeky your guess by addition, *' . . 



(g) What would you guess to be th§ sum of. the first . n odd integers? 

. ■ . ' ■■ ' ' 

Consider the follow;irng abbreviated table. 



Input . X 


the nth odd integer ' * 


Output f(x). - 


• the s'um of /'the first n ' odd integers" 



(a) Write a function f which associates input with output in" the 
■given table. ' ■ . ' • 

■K^ .. ■ • • .... • ■ .■ ■■ ' ^ 

(b) VJha£ -name ■ have we giveh to this type 'of function? 



2i^-3. Translations of the' Parabola x -> ax^ 



J In Chapter 19 a translat ion is ^defined as" a' rigid motion in which the 
.distance between any point P and. its image P» is- the same 'as the" distance 

etween any other point Q and its image In a coordinate ' system a 

translation is defined as ^ function^ . For^^^ample', tKe function 

t - (x,y)r^ (x r 2, y + 3) " ' ■ 

describes the translation that assigns to a .point (x,y) an image that , is 



2 units to the left arid 3 iinits. above point (x,y) , -. as .shown in 
Figure 8. . ' .■ . " 
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Exercises' 2^-3a ' - ■ < 

• • . (Class Discussion) 
1, A translation ■ g is described as the. function ' ■ . . • 

■ ■ ■ g : (x/y) .'^ (x/y + 2). - 
' (a) Fiiid the iinages.of the following points for translation' g, 
' .... . • . A(-3;9)' ->A» , ;v'^:E(.l,l) -'^l- • ■ ■ ' ■ ; 

■ ' C(-l,l) -> C» ___ . ;,''';G(3,9) ' -^G» . . , , 

■r)(o,o) -> D' ' -. . 

■■(hi On one set of- coordinate axes/plbt and label the points and 
■'image points lasted in part -(a). ; 

• .(c) Verify that the ordered pairs for points A-G in part (a) 
•■ satisfy the equation y.= x^.; draw the parabola which' is the 

■ ' ■ u ^ -v.- - ■ 2 ^ ■ " ■ ^ ' .■ • 

. graph of y = X . . - ^ , 

\ - ■ . 

(d) Draw" the parabola containing the image paints' A»-G» .in. (a); 
■ write an equation. which is satisfied by each ordered pair for 
■an image point .in part (a).. . ■■ • ' >' . ' 



(e) What is the axis of symmetry of the graph Af • y. .= + a? 
What is the minimum (least) value of y? Iwhat are the 
coordinatQ'3. of the lowest point. on>the graph? 

Consider the translation h described as the function 

Find the images of the following points • for translation, h. 



(a) 



A(-3,9). 
c(-i,.i),, 

D(0,0) 



E(l/l) -»E» 
G(3,9) >^G» 



(b) On one set of coordinate axes, plot and label the" points and. 
their images : listed in part (a). , " 

..' ' (5^ ' ■■ •• ' 

(c) Draw two parabolas;, one through, points ^A-G and the other • 
. through image points A'-G*. ' . 

/ \ ■ ' ■ ■ ■ ■■ ft 

(•d) The. parabola through', paints, A-G is the graph of the equation 

y = ■" > ■ ■ Which of the following is an equation, whose graph 
' . ■ is the- parabola through image points A'-G'? \' 



I. 

II. 



y =. (x -f 3r 
y = (x - 3)^ 



III. 
IV. 



y = X +3 



y = X . - 3' 

(b) What is the axis of symmetry of the graph of y = (x - 3)"^ 

^ What is the" minimum value of y? Wh^fe^e=^he coordinates of, 
. the lowest point, on the graph? 



.. ' f^fErpm the exercises above we can make the following' observations about 
the. graphs oi 




^ + 2 and' x ~^^(x - 3)^: 



•A. 'For X 



, (2A) The graph 



ira^-ge pf the'graph^ 
oC x..~"> x^' under a 
translation of 2 . 
units upward. 



,a that opens-, upward. 



B. For X' ~> (x 3) / ', 

'(2B) 'The graph is the^image of 
-' the graph of -x x under 
a translation of 3 units ■ 
to the right. , , 




75. 



(3A) The axis of symmetry . 
of the graph is the 
vertical line x = 0^. • 

'(I+A)*. The minim)am' output of 
.. the function' is 2 . z 

\(5A) 'The lowest point on 

■the graph' is (0,2), . 

• ( 6A>) The graph is . 




(3B) The axis of syOTiletry of .the 
graph is the vertical llnfe^ 

^' -^^-^^ ■•■ •■■ ■ m't- 

( kB) The ^minimum output .of theV' 
• tl^ "functiion is ^0 - ■ . ■ 

.(5B) The lowest point on the . 
■ " ' graph is (3;0)-'. 

.(■6b). ' The graph is , 




. . Exercises ■ -2^-3b ■ . • . ' ■ 

For ^each^'oT the- following, functions/ 'iiake observations similar to ■ 
those given' above, ■■■(Gonsider the. ^graph .oX^ each .function- to be a 
translation of the graph of a corresponding function of the form . 



• ax 



/ or) 



(a) 
(b) 
(c) 



(d) 
(e) 
Xf) 



. X 2x +.1 
■ 1. 2 

^ 3 ^ " 

.(Hint: if a parabola open downward , .it has a highest .point,, 
and the rnnnt.-ion has' a maximum .(-greatest) value, ) 

x -> 2(Y - 1)^. . ■ ■ ■ 

V r^" C Hint : x 4- 3 [x - (-3)] )' ■ ■ / ^ 



(gV,x -> x^ + .k; k < 0. /■ ■ 

' . •'■ ' • ' ; .\ V' ■ > . ' • '/.v 

(a) For the funtit^ns in Exercis^ l, des\?rib^ hoy, in .sotne^cases, . 

■ the graph •could he considered 'to .bi'. a' reflection, followed by . 
a translation, of the-graph of" ■a.-coryesponding function of. the*\ 
form > X ax , ■ a > 0 . , ■ . . • . . . , ' . ; 

(b) .. Could each c^f the graphs'" in' Exercise i;-(.c (^f),'and '(h) also... • 

■ resell: from a translation, followed by a. reflection, 9f the' graph • 

• ■ . 2 " ■ • ■ ■ 

...of. x->ax ■, a > 0? Explain. . 

' - • - ■ - . ■. ■ . , ■ " '"^ " • 

Show' how yotir .observations: in Exercise .1 can help- you to sketch the 

graphs; in parts ,(b), (c),:,.(e-); and_(f) quickly. " / 



■ We have noted that each parabola -has ari axis 'Of symmeti-yj .which we 
shall call the axis of the parabola. .?7he intersection of -a: .pUrabbla yith 
;^ts' axis is called 'tfie vertex of. the parabola. 'An examination, of .the 
■parabolas- which have' been' considered /so fg-r will show* that if a parabola. - 
opens upward , then the .vertex is the' lowest point. If a -pa X'abola opens 
downward , then its vertex is its highest point. ' 



Exercises 2^4-30 . 

(Class Discussion) 

Draw the graph of the-'function^ . f x- -> . Whose 

graphs are Images of, the graph of f undei: the-|o^5^^|^^ranslations : 

■ ' ■ ' '. . . . ■^^^^"'"^ ^"^ ." ■ . 

' (a) 2 units~ upward., « ■ ' ^ * v 

(b) 3 units to"*the" right. • •. . * ' V 

(c) 2/" units upward', followed by 3 units to tW right . ' . 

(d) 1^ unit downward. " . ' , . ' ^ ' . " 

(e) 5' units ta the left. ^ ^ 

, . ■ ' * ' ' * . ■ ' • . ' . - . ■ > . 

(f) '' 5 ■ units. .to the. l^ft^ ■ followed by X 'unit ■'downward. ■.; , ' _ 

For the. fun^ction "^g...: x ~> ax^ , a > 0^ write functions' whose graphs \ 
' are images 'Of the" graph* of ' g under the following rigid motions., ■ ^ 

wherd " h > ,0* and . k > 0 . • • - ; - • \ \ " 

. (a) -A'- reflection on the X-axis. ' '• ■ . . 



7Y- 



.81 



ERIC 



■ . 9 



■ (b) A trains lat ion h units to the right. 

.'(c) A ^bransldtion k", units .upwa-iM., • 

•;;(d) v A .reflection in the Y-axis.. 

..(e) A translation;, k , units downward. ^. ' • 

(f) A translation' ' h', units to the legt^ - . . ^ . . 

.' • . .•■ . ■ •. • .;. ' ■ •' • , . jjj^ ■ , . ■ . * ^ 

' (g) A translation h units to the. right, \fcrriowed .by, a t^ranslation 

' ' . ■ ' ' ' . ^ ' »'■■■,* ' . - ' 

k" unitS;, upward. •• ■ • ." , . ^: . ' ■' 

Describe the graph of each- of/; tihe'- following, funct'ions. in -comparison- ^ 
With the graph "bf.. the function. G. ; -.x. -> ax«^>; a-^>,. 0,., ■ . 



:'^';H) 



..X -^'a(x - h)S ,a'.> O', .h >. Q 
X ^ a(x - h)^;, a > 0, i;h;< 0 
X -^ax^ + W a > 03* k >.0- 



(d) ' X ax + k/ a :>.q,:' Q v/ ■ 

(e) x> a(x "^tif + k/,^a-> 0^," 'h 0,. ;k -> O. 
"Xf) X -^ a(x - h)*^ 4^^^i,:ra >o7 h > 0, *k <,..0 



\ ; .For.. the fun'ctipn f^ r .: 
following 'observa:tions : , / ■ . ■ 

..' (1) , The graph of"" -f . . is a - ' ' 
■ * . par^bpla with the. vertical ^ 

y \ . . ' line x '= b as. ao^^and 
■■ ; point (h,k) ' as- vertex « 
■ ■ „ .Figure 9 shows 'such a 
^ .'■ ' . ^raph/'for .the case* in 
• .• ■ .' '^^ which a > 0, h > 0, ' 
• ' and k >^6,..''- ^ ' • 

" ■ '.-^ .> ■ •■: 

^ (2) ' The graph i&. a transla- 
". ' ^ . ;./tion' of .the. graph of . 
' g : x^^ a,X , . a 7^ 0, to • 

• " ' the left^ j^'r right ih| 

- ' units and upward o'r , ' , 
downward "'1^1 Ainits. • 



a(x h)^ +.\h, . a 0, we cari make the ' ^ 




Figure 9 



(3) If a > 0, the parabola opens upward , the verte^-. is its . ]^>/e&t .-' ' ■• s: 

• pbiqtj.'and/the function has a minimum output; if < 0,^ *he V 

pa'rabol:fe6p^.n5 . downward , the vertex is its highest .point^^ and,. 

'• . *'-.V'*-. >■ ■ •" ' ■ ' " ' »• 

■ .the^ function has' a .ina'y iiaum output. . . - .--^ 



^(V) ■ If h = 0,-; the' axis is the line x = Q, thatis, the Y-axis. 

IfJ ' h > Q/ the axis line x =. h lies to-the rip;ht . of the 
■ ■ Y-axis; if. h < 0> the axi's line x = h liesta the 'left of 

the Y-axis . ■ '* 



(5) 



If k -= 0, the vertex is on the. .X-axis, 
vertex is above the X-axis; if ,k < 0, 
the X-^xis . V . ■ 



If k > 0^" the- • 
the vertex is below ; 



■. . Exercises 2^- 3d - . ^ ^ ' ^ 

• c , •. .. 2 
On one set of coordinate axes draw graphs of f : x -> ax • and 

f : X ~> a(x - h)^ . + k, where a < 0, h < 0, and k > .0 • (See • 
Figure 9) r' ' • . * ' . . 

In each of the' following/ suppose "ftiat the graph of the given equation 
is subjected to the rigid motion describecl. V/rite an equation whose 
ffraph is the. result of the -trans foiniBt ion. ' . 

(a)' y •= -2x ; ^a refllection in the X-axis, followed by. a transaction 



(b) 



( 



(e). 
(f) 



which takes, the vertex^ -of the parabola tO; (-?,0) 



r -x + 3; 



a t.ran^lat^ion of. 3 units downA{ra.rd, followed 



a rotation caijr.'a haj:f turn about the vertex of the paiubola 
^Y^= 3..2x^; ^/refl^^tion in the X-axis/^ followed by a fransifar 
tion .3 



units to the right and 1.5 unitsr downward 
n2 ■ . ■ . . A 1 



y = ^ (x - l) ■; a translation of 1^- units to the left, 
followed by-l'a ref^lection in the X-axis ' . • 

y -1 a trans latipn of 3' : units , to . the left, followed by 

■a translation of ^ units dG^if^rard - •;:>'.■ . - . . " 

IP ■ \ ' ■ ' 

, X r; a reflect iori4.n the X-axis , .followed by a translation 



that* takes the verte^j. tcXthe- poim (5/^)" 



I 



.y 



r 2r. ^ 



: ;■• V' translation "that^ takes '^^e. vertex to 'the point.^^ 



■ ^(5^2),- followed by a. reflect ion, in the X-axis. ; ^ 

'(h) ' y = ^ x^;. a translationi.^liat takes the vertex to .the..ppint 
:■ (5,2)y -followed by a rei'I^tioh in the line y.=-2 

■ ■ 79 , . ■■■■ , , ■. . 



1 



. For each of the': following., (l) sketch th'e graph of:*y'= 2(^x - 3)^ 
• and the. graph of. its image under ^the ri/id mot^ion deecrib^d and 
(2).' write an equation for the image graph." • . . 
(ay A reflection in the' X-axis . , ^ , 

-(b) A 'reflection in the^ "Y-axis . ' ''o , 

(c) A reflection in the X-axis followed by^a reflection in .the'- 
Y-a?cis ' •/ * ■ ' • * 

(d) A reflection in the"" Y-axis followed by a reflection in the 
A-axis . • . . * 

(e) A rotatiph of- a half turn about the origin 
■(f) The translation t.:'(xyy) ('X-6,y> . 

(g) -A reflection in the X-axis followed by the translation 
t : (x,y) ; (x-6,y) , . ^ ^ 

• (h) A^^flection-in th^ line x =-,3, followed by a reflection in 

the 'X-axis ' 

■ The ffgure s1^owri.l\ere is the. 

f ' . . • 2 

graph of ^the equation ,y = x . 

■ The' graph is eC- parabola which'; 
opens upward. The Tni^fiimum 

* yalue' of y ' i^ O/' the axis 
of s^irimetry is -the Xf^is, 

■■ the) vertex is .^he o:^igin. 

y * • 

; r -'Also indicated^ is a 

translation of the- coordinate 
axes which takes 'the origin. 
^ to the point (-3,-2) . 
. with respect to the -original 
axes. .a.. • ^. 



7 









i Y 




-1 


\ Y 






















A 




























































E 




■ 


\ — 








F 




























\ 




















\ 












V 

rH- 






























II 
















































C 










D 




















«>; 




































». 


























A 


















X 














0 






















































































































■ \ 




















I' 














/ 


1 


1 



coordinates of the following points . , 



•(b) Since (x',y«) = (x + 3, y 2)., 've can write 

. ; * y ■ ■ 

x» = x'+ 3 -asd y' = y Thus. 
x-= x» - 3.and y = 



• 2 

The equation y = x . becomes 



or y' 



The equation, x = 0^ of the a-'Xis of the. parabola becomes 



The figure 'shows a parabola 
which opejj upward. Its 
vertex^'. (4^3)., and its' 
axis .is the line x = ii- , 

•The-fefdgure also indicates ' 
a ^braxi^Iation of the co- 
ordinate axes which tak§s 
the 1 origin ' (0,0) to .'the 

•point whose coordinates 
with respect to the original 

^ axes -is (4,-3). . 
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(a). Name bothvthe (tx^y) an|^ the (x»,y»)' coo^i^inates of the: 
following points. '\ , ' 



(x ,y) • coordinates ' 



(x* .y*) coordinates 



OV :. 

A : 
B : 



E 



(b) WM^Sis an equation of the parabola with respect ^o the 
X»- and. Y» -axes? ' ■ ' . : 




(e);: In each ordered pair, x» = x - k ai^d =. ■ • ■ 
'•■t^e equation y« - tx')^. can be written • y- f..2 = 



y hence 



osr, y =. 



2h-h. Completinp; the Square 



We have shown th^t the graph of any quadratic ifrnction expressed in 
the "standard" form , ■ \ >.j . ■ ' 

f :• X -> a(x ■- h) + k, a^,/ 0 
'is a parabola which we can sketch easily as a rigid moti6S,:(or a*succession 

'of rigid motions) of the graph of 
. * * . * 

* 2 . . 

g ; X ax , a > 0. .• .V N ■ 

k \;. 

We made the statement at the .beginning of this cfep4^e^ that the gr^ 
■ of a function of the -type x Tx^ ^ "bx c, ' a / 0 ^s .a^arahola. ^ Now we 
.•shall" explore how an expression of the fom a^>'^: bx + c ^an be^ rewritten 
' in the "standard" form. ■ |K. a ■ ' ^ 



4 



Example 1- Given the function 

X -> X + 6> ^ 
how can we express it in startdard ^'^} 



■A geometrical interpretatzj^pn . 
of the situation d&n be o*i- help. We ^ 
T^t^rt.with a square of side ^ . \ ■ 
units, as-showfi in Figure 10. mie ^ 
area pf .t,he square region is x a - 
square units. ■ ^ ^ ' 

Now we can think of the 
•quantity 6x. as the sum of the ^ 
• areas. 'of two rectangular region^^ 
. -vhere !f&;&ir^ctangle is. X units 
larffe^ and 3.> units wide. (Figure ll) 
TV^'^otal area of the region pic- 
■tured is x + 6x sq^re units. 



.0 



i 



i9 




Figure 10 



3x * M: 






3^ 



Figure 11^' 



We" complete the Square, thus 

dlDtairiing a new square reg ion v hose 

sides have length x + 3'^ units, 
2 ' ' 

and whose area is x + 6x + 9 • 
square units. (Figure 12) 



3x . 



3x- 



Figure 12 , 



- The ^ea of the region in Figure '11 is nine sauare units less Mj] 

■ '^o'^ ^ • \ ■ ., 

the area of the large square region in Figure 12, .sq- we." can' i^t^ite 

, . X +.6x = (x +.6x + 9) - 9. ' 

The area^ of the. large square region can also be expressed as- (x h- 3)", 
and we write 



+ ox 3. (x + 3)'' 



Thus the function 



can be written in standard form as 



X -> + (-9). 





From the standard form we see that the grapb' o 1* ,tbe -Hun^tii^ri -has its*". . y, 

vertex at the point (--^ ■_9), ir; Gymmeti-icol to the'^li>ae nvf©r.'t>'''j?ii^^ . ^'^' V v 

■ ^ ; . ■ ■ , . . '-.^ . ' ■ ■ "2 ' . ■ ■ 

±3 X = -3 and opens upward. It is the graplv^.oi' x -> x" • ''unddsr^l^^', [ ' ' : 

translation which shifts it 3 units to thfe'^'eft and 9 .unife* 'dowh-^ The . ■■1 



* minimum value of the ■function .is 



Exercidec ^':?^-Hd?-. ' , j;' 



(class Dj^-US3^B.|^J'; 



1. (a) Complete: 



(b) The function • ' 

■ ' . - 

written . in standard forfn/i 
* • ■ ' , f -^i X 




0 



8- 



87 



•<6y ". Which does ..f'\ rhaVe./ >■ Tnaximum. or ,a minimmi value-?^ What is- thal^; ^^M^: 



•Value? 



•"■."(d) ■: 'DWcrib^ how to .obtain the graph of " y;-=; (--x > l)'^ - .^ ^qf^- ^e.^v 
.,.gra:ph of y = -x. • . ; ' • .■ •■ 



. * •(e):v^ 'Sketch !the graph of , 



■f . :. X' X - 2x .-. 3. 




-* i< *x.ii>. " '-^^-^^U^^ PM*ffessi'ori aV perfect square, H ^ 



' ,.■:■■.-.>• then ^xpi-ess'-it iA^ ' " " ' ^ ' ' 



.1 



• /(d) x^; + 2-(i^x);+ 



.9 



■ V:;.': (e)- x^- .;-.).';+.'i6 =\_ 



•v-'Write' eacti/pf; the. following in the fo^ (m + n)' 



(b) .^.t^v;f .'i5t ■+ (^)^ 

(c.).'.ix^'+^;Fx + [If. 
. (d)- -tl^-H-l St-' +16 ■ 



(e) I6x4i*& 



3;* 



(f) t2 + |t 



■ , ■ ■ . . ■ ■ lia , . ; • 



8ii 



H'** k;'^' .in standard form is • - 

A r\ . g t ^ (t t hf +. (-10), 



'^-^'Ir V./: ; 



• Exercises 2if--l4-b 



Write. ?&'ch of the following furtc 



furtctions .in the standard form 



' ^ + + ■^^■ 



(d)' t ->.' t'' 



■ (e) t t + ivt 1* 



(^) t t^ 



r 

i^t - 1 



•,n.2..- 'i-iV;-' Kri'fce each of the following equations in the standard form 



+ k. 





y 


'"2 

= X- 


+. 2x 




1.) 


y 


■ 2 

= ■ X 




(b) 


y' 


2 

= X 


- 2x + 3 


V 


(h) 


y 


= X 


+ ^ x<+,l 


.• (c) 


y: 




+ 6x^ .- 






, y' 


2 

= X 


+" 2bx , 




. y 


= X 


+ 8 ■ 




(J) 


■■'y 


2 

= X 


+ bx 


. . (e) 


y 


/2 

=1 X, 


- *'5x. 






y 

a ' 


2 


+ .^.x -a / 0 
a ^ ' ■ 




y 




+ 5x + 1 




(1) 


.y , 


2 

= X 


b ' ' 

& - X + c , a. 



Name the coordinates of the vertex of the graph of each equaltion 
Exercise 2'^bove. * 
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Ve shall^'^vish to express functions of the type- . 

2 

t ->'&t bt- + c ^ 

•in '-.the fo'rra, " ' .. ' 

• . t -^aCt - h)^ + ^ . 

' where a has the same 'nonzero value in both farms^ 

. (a) For the function \ -"•l6t^, what is 1^' ^alue of 'a? 

(13^^ For all. values of t , ' • - 

•1' . ■ ^ -i6(t - 2)^ + 6U at^ + bt + c. • 

' Find, values of .a, ■ b, and c vhich make. this statement true. 



So far, iri practicing the. method of c omelet i/g the square, in order to 
change'a quadratic function to standard form, we^ve 'considered expressions 
in -fehe form, atf + bt + c for cases in' whichXk .^ 1. Nov^ we shall . conside 
cases for which a is different from 1. 

Example ^Write the function ^ . ■ 

, 2 ' -> ■ 

' f : X ->. 3x ' + . x'-'- ^ ^ 



2- . ■ ,. . -,,.:2 ^ 1 . . li) - 



in standard^ form. 

3x^ + x> U bCx"^ + ^ x - 

_ - ^'^.^ ' T2 . • ■ 

' THus in standard form we have 

•The vertex of the parabola is ^ " i^^* 





Exercises ' 2h'kc . . 

(Class . Discussion) 
. • ■ • ' . . ' . ' ' '"^ ' " ■ 

.Writ.e each of the following functions in standard form and name the 

coordinates of the vertex' of the graph of the function.: 

2 ' 




1. 

5. 
6. 



X ^2x , - .kx + 5 

x ->'3x^ I2x - ho- 

12, • 
X x,. + hx - ,5 

aX 7X + OX- + 9 

2 ■" 

X .-^ -2x , r"^ X 

X 3x? - 5x - 2 



0 , : 



1. 



2.: 



. •- . Exercises . , 

Write each function' ■in/ standard fom^ then state the maximum (or 
minimum)' output value.:''p'^l' the function ^nd sketch its graph. 



(a) 
(b) 
(c) 
(d) 
(e) 



X -> X 



7 +'hx 
2 



3x + h. 



X -> 3x -. 2x' 
2 ■ 



\ 



(J 



• 2x 



-> 2x - 5x 2 : 

Consider the function 
Complete these statemc 

(a) The, graph of /. i^: a 



X -r->-ax + bx •+ whe^re a > 0. 



which opens 



( upward J;, downward) 



(b) The vertex^r the ..graph' is Ca -, j ^ 

/fV'.:.';/ . ^ . ^ (-maximum, minimum), 

r ■ ■ ! " V" ' ' ' ' • ■ ' 

■(c) The abs/'issa of the vertex^polnt is 



(e) The (ordinate of l^he vertex point. ii'. 
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}... •^'• •/(a) .Shov that + 6x + 5 =• (x + 3)^ " ^. . 

, ' (b) Show th^rix-+. if - = (x + 5)(x + 1): ' ' — 

(c) "Verify, usih\^ the distributive property, that : 

(x + '5)(x + 1) ^ \ + -6x + 5. - . - . • 

h, . In.. a manner suggested by Exercise 3 above, write each of^ the fgl lowing, 
sums as an indicated product. ' . ' 



(a), x^ - 2x . ^ 

(b.) 12 - 8k + k^' ' 
(c) 'x^ +11X + l8 , ■ 
' (d)'' n - --'In - -h - ' . ■ . 

(e) .6-- X - x^ ^ 



2i^--5. Solving Quadratic Egioations . •.. ■ 

We have seen that a function of the type ^ 

* 2 /- . .'■ ' 

f : X ax + bx + c , a!* ^ V) ^ . ■ 

is called a quadratic .function. . Its graph is a parabola whose axis is either 
-the Y-axis', or a. line parallel to the' Y-axis. We developed a procedure 
for changing the form of the function f : x ax + bx + c , a / O , into 
;^.the form f : x a(x - h)^ + a 0.. When the output is .expressed, as 

- ^ a(x - h)^ + k, 'a 5^ 0 , ' * 

we can recognize th^t: 

(1) the axis of symmetry of the;, graph is the line x = .h;^ 

(2) the vertex df:the;graph is the point • (h,k); ^ 

(37^ the, minimum (or maximum) .value of the function is k. 

■ ' • In discussing a function, we-. are often interested in ^knowing what ; 
inputs, if a.r^', will result in output valueg of "0. Such input*values are 
called the zeros of the function.. 



Exercises 

■ . • . ■ ■ ' * . 

-■ . . ' " . (Class discussion) 

Name the zero or zeros of each or the following functions. 



(a) 


X 


— » X 




(b) 


X 


^ 2x 


-.3 ■■■■ 


(c) 


X 


2 

-» X' 




(d) 


X 


2 

-» X 




(e). 




2 

^ X 




(f)' 


yi 


,2 

X 




(g> 


X 






(h) 


X 


2 


+ 5x .+ 6 



state the solution '^et of ./each,of the following equations. ... 

. '(a)^"x =0 ' ^ (e) x^ - ^ 0 

■ (b) 2x - 3 - Q . (f) . X - 2x.= 0 . 

. \ (c) 'x^ + 3 = 0 ' ' (gy (x + 2)(x.- 3) = 0 ■ . „ 

■ (d)- x^ = 0 ' ■ ■' - (h) • x^, + 5x +'6 = 0 . . '. 

3. ' On the basis of your answers to Exercises 1 and 2 above, write a 

statement about the zeros' of a function in terms of "the solutions of 
an equation. • >. . ' r 



We shall call the function' ' . 

^f : X ax^ + bx + c, a / 0, . 
\ \ . . ■ _ • ^ ■■ • 

the general duadratic function... ,The statement . tha^tf the ;outp3dt of f ^ for 

• ■.-'* ^ ■'■ -Ti- . * ■ ' 

some values of the .yiiiable, ^is zero:, ,r - _ 

' 2 * 

ax + bx + c = 0 ^ . ^ 

r . 

we <ia,i;j. the general quadratic equation . . ■ . v^- ' J 

Thus the zero's of the general quadratic ^function ari.*^ thfe solutions of 
the general quadratic equation. , Another .word that is frequently use-d instead 
of "solu-6ion" is "root". In other, words, the zeros .-of a function .are the.^ - 



roots / or solutiona /y pf the related equation vh'ich stages .that the output of 
the. function is zero. '.''■•/•.. 

- Example 1.- Find the zeros; of "the function f : x ~> 5x - 20 • 

2' 



The zeros are'the roots oT^'the equation - 20 --^ 0 

20 . 



2- '2 
5x - 20.= 0 <=5^5x ^ 



From our understanding of square- roo€ and of absolute' .value^ it .is 
cleffr thal| ' ' , - ■ . • 



2 or X = -2 



Thus the zeros of function f .- are 2 and -2, 

• ■ Exercises 2^1- [3b 

Find the. roOjts of each equation.^ 

(a) 3x^ - 27 ^ 0 ■ ' ■ , 

(b) ' 5(x + 2)^> 0 • V' . ' 

(c) . + 20 = b 

(d) 5x -'^15 = 0. 



2. 



3.. 



i'ind fhe zeros of each function. 



) ^. f" •: X -> 2x 
;b) g X ->'^(x'- 2)^ 
(c) h ,: X ->,2x^>+ 2 I 



(a) On' one 5et of axes^ sketch the' graphs of the three functTcSns in 
. « Exei'cise 2. ' ^. ' 



(b) -Complete the- following table. _ 



1^' 



7.* 


; number 0,f* 


■■ number of intersections 


function • . • 


zeros^* 


■ pt' graph with X-^xis" 


. ■ - — — ^ 

f : X ~> 2x'^ - a^JJ- 




y 


g : X -> 2Gx. -'/f . 




■ . ■ ' ■• • . .' * 

y ': ' ' 1 


7 ' '-^ 

h : X -3j2x + 5 ■ 

■ ■■ ■■ f. ' . 
















\ ■•»• AS 

» ■ 

/. ■ • • 
? ■ 


!■ t 90 


. 94 






^ , '5 • ♦ 



Example '2:.' ^ "Solve the .quadratic ■equ^.tion 
-l6t^ + ,6kt + 80 = 0" 



.•'-;i6t .+ 6kt- + 80 = d 



^ t^ i^t - 5 = 0, 



Method' lu Write "t;he function 

- :f : t -> t^ - W - 5 

in standard form, draw the 
graph, "and find its zeros., 

t^ - l^t - 5 = t^ - + ^ - 5 - ^ 



The^ zeros of the function ■ 
are -1 and 5 • 

Check that -1 ajid 5..'** 
are roots of the/e'quatioj^ ' 
-l6t^ + 6kt .+ 80 = 0. . 

, Method 2. 'Since ' ' 



N 















» ' 
















— 


























































T 






L,C 




0; 




(5 
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* 










■ V 

























































draw the graphs of, 
y = and y = 1^-t + 5 

on the same set oT axes. 

The points^'of intersection^ 
are (-1,1) . ,and 
(5^25) ■ . 

V 

The abscissas of the 

;goints are roots of 

the -equation . ■■ . 

- 4t' - ^5 = 0. Thus. 
•J:he solution set- of.,. 
-l6t^ + 6lvt.+ 80. = 0 
ia {-1,5 K 
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. Methc^ 3"^ Since. " ' * •. ' ' ■:' 

'■•■ ■.we can write the followiiig chain of equivalent sen^enc'bs:- 
vV* ' . t^. - it 5 = 0<=> (t - 2)^ -9 = 0. 

> • ■ .'^ ■ ■ • • <==> t - 2 = 3. or ,t - 2" = -3 

t = 5 or- t = -1 



.. 'The roots are' 5 " and -1. •. . 
Example 3: .•Fin4'|:1jlie; roots of the equation 



2x^ -■'6jc' + 1 = 0 <= 



0 i 



:>2(x^ - 3X + |-) = -P - , 

i-^fe^'six^ .- 3x +1 - I +|),='0 . 



2[(x - |)2 ;-|] = p' 



- • . J . "s"- ■ ' 

From the equation .in standard" 
form>^ can sketch'' the graph 
of the fiwction • ^ ' : ; 

\- f . ^.2x^ 6x •+ 1 ^ ^. 

•■ • ■ a^ncl r observe that the zeros * 
of the function ai:ef not. . 
• " integers.^^^ appears that 
:* . one pf fhe z^ro|.i.is a\,numbf r 
between ' -O^- ' the :pther 
zero is betwe'ij 



2Cx - .1) 



2 ; 7 



- ^ = 0 




: 2 £!.nd^^3 

HoWe.ver, we " qan get more 'infonnation, aboj^S the^oo.ts of the equation 
o2x^ - 6x 4-' 1' = 0- if we 'use Method' . 3', which we sliali' refier to as ? Solution, - 
V by dbrapletirig the' Square". , . ' ' \' ' ^ . . - ^ ' •, 
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Since Sx^. - 6x + 1,= d;<?:^ 2[ (xj->|)3 " J] . ' ' ^ " j^,, . 



we' write . . '2x - 6x.+.l = 0 <=> U -. |; - 



^ ..i-- <JI or X - ^ 

3 1 ^ 



ThviB the. roots are 5 — ^ and r — g — 



Since* ./T" » 2..61f6, ve can compute 3-decitnai place, approximations . 



tq the root'8y'»8 .follows: . 

• . 2.: ' 2. . 



2 2 * 2 



Compare these- est imaVs with wl:^at the graph show&(about the ze^s of the 
./ , * . ' ' 

function „ 
. ■ - 2 * ' 

- . f : X -> 2x - 6x + 3! . ■ . ■ 



.i' ■ . ' . / . * JBxerelses r2U"^c _ « 

1. Solve ^ach- of the followii^ equations 'by cotopleting the squate, For 
' any irrational roots, gi^e approximations to 3 decimal placed. 

V ; ^a) ' 5 - - x^ = 0 {e)^^ + 2x - 8 = 0 

(^^""t " (b) .X? - Ux + 5.- 0 ' ^ / (fl x^ + 2x:+ 8 = 0/ 

: (c) i x^;+ 2x + 14=' 0, . ^ ' . ' 1 +n2x ^ ^ 

' : (d) x^ i 8x + lU =*0.\ (h) Ux^ + i = . ' . 

' ^ (a); ^Ske^cri tte"grai)h of each of th^-follo^ring functions, . ' ; . 

:-'^^:ci)yf^ ^ (3) h :/->x^ + 2x + i-. 



, . 2.; 



; ■■■ (2) g : X ->2/ • ?x - 5 W. fl^^ -2x - Jx^ - 5^ . 

/. ' Cb) Solve each of the. following equations-, giving 3-decimal approxi- 

mation^s for irrational roots. , • . 

■ ' If* ^ ■ 



. oc^ -1 = 2{ \ (3) ^ + 1.= -2x 

• . (2) . -5 =^ : ^ / (1,V -2x^ - 5 = 2x 



,(c) J Explain how the. graphs, in part. (a) can h^ you "to-,, check; or^ the 
reasgnableness of the solutions^ in. part (b),- 



(a) Write in standard form 
the. function f. whose 
graph is shown; 

(b) ■ Write fiinctiori^f in 

general qjiadratic form. 

(c) Find the zeros or 
function / to 3 

• decimal places. 

(d) Use the graph to find 
^ ^ the values of x for 

which : 







• 
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(1) f(x) 



( Hint : What is thi interseotion of the _ 
parabola with the '/ine y = -3 2) 
/ 



(2) f(x) - -2 

s ■/ 

■ . (3)' f(x). - 1 , . . X 

J4) ' f(x) -= * 6 ■ , ' ■ 
(e) Find the roots of each of- the fbllowiijg .equations 



ivx + 3 = 0 
iix + 1 = 0 



'•6) 



kx - 3 = 0 



(3) ..^ _ 

Find the dimensions of the rectangle with perimeter 72 feet 'Which 

encl6ses a region of Ttiaximum afeai ^ ^ ' * ^ 

■ ■ . -ft 

(d) • If X represents a number of feet' in .the'width of a rectangle- 

whose perim^t^r is 7.2 feet^^^rite a description of. ;the output 



of each of the following functions, 
f 



^ --> .2x 



V/- 




g : X -->rT2 2x * 
h : X ^iT?2 - 2x); 
F : X x( 36 - x) 



9^ 



'.• ^4 . -To 4ftswer the; prbblebj^ Aeed to determine the value of x for 

[.'■ r/which %he output .f(x) ; :ds .a' ■niaximum. Write functicjp F j.n ^ 

■ - ; stanaarcL fprm. a,nd describe its graph. . . - / 

■■" ■: (c) What*poin1i is" the yertex*. of .the - parabola? • ^5niat is the maxiTi^i 
output Ojj^.f'unct ion For what value of x is* a 

. ■ ,' V' • ' TQaximimi?;.' What i^i the corresponding value of ' 36 - ^ ? 

(4) ''^'What^'far^ the' required dimensions of the\ rectangle? What is its 

^•5:' . ■ A-&c.t'angular field is to be fenced on three feides, yith sc. river 
■ ' . * • . . ■• '■ 7 ' ' ' " ' • ' ' ' » ' 

se,rving as-/a- natural fence on the fourth side.' If 100 * y^ards of ■ ; 

fencing i^' available, find the c^mensions of the field with largest- 



• 6. 

.7. 



^9. 




.a^ea. " 



V. 2 



standard 



(a) - Wri^e^the"' function f : x -> x f x in. 

(b) Find the number which most exceeds its 'square 

Recall /the. discussion of the "GoldQji Rectangle", in which; the ra,ti| 
of 'the/>^dth to the .length 'is equal to the ratio of .the- length "to 
the Slim, of the length and the -width. With these pleasing iv^oportions 
^in Vi^ w tiy gesign a rectiat^gular picture f'rame having a perimeter of ; 



60 



iSc: 



hes. 

I- 



Give "the dimensions to -the nearest tenth of an inc 



-From a reqtantular sji€et of 
\ aluminum, 2]| - inches long 

and «L0 ihpli^s wide, an, 
^ open box is made by cutting 

sc[5a£ba;:es^5f. equal area from-?^ ^ 

iSlfie four corners "and fielding. 

up the edges. ^Tbe area of 
' .the base of the box is* 72 ^' 

square inches. 



2U" 



10" 



(a) What is- tfie area of each corner siiuare? 
fb) What is the volume of the bo^'? 

Among all pairs*-^ numbei-s whose sum is .50, determine th^ f^ir who5. 
'product' is greatest. 

Xa)il^ Write the fVinction f x x 



(b)^ Wha-ft is Trh^'^nimum value of f? 



6x + 10 in standard! fprra. 



J 



./ ■ 

/ - 



I.- 
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-Cc) Find ;tHi\nM^ of the function ^ 

■'■ •.■ ■ ■ •■ ■ x%-/.Sx. + ,10. 



(d) ■ tfor Vhat value of sc is the- output value of g a maximum? 



■J- 



/ 





i 2k-6. " Falling Body " functions 

• , In the physical world, some of -Ubb mo st- interesting instances in 

/ whidx quadratic functions are used tovlodel physical^ situations a' re^ plipa 
tibns of Galileo's principle abouf falling objects/ You will r^ 
GaXileb showed that the distance t^veled by a falling body is a 
i Of. the time spent in falling. ; / 

1 .a. ^ ' ' 4 

When . t. repre^n-^a number of seconds, the output of A]^ function 

. ^ >-^' :*^t-^i6t^, t > a ' . • ' ' ^ 

is- the number of feet the object falls , in ,t seconds. This, of tour^e, ' • 
app:Vies to an Object dropp^cl from a heighj^ In thf^ sectiorj||Jt6 .shAll see,^ 
how the principl/applies^&lso ' to objects which are pro ject^d ^upward in^Stead . 
af meB^lpbeing dropped, and t^o associatinp-the time with the height the. 
ob.iecll is above -fhe , ground at any instafat, ' ^ .^ .. • ' 

■ : irt • ' ^ '^v - ' ' ^^^^ 

- "Example ^ is.-^roppeA from a 1^7 th story window of the Time- • 

' : Life Buildilig in ^ew Ydrk City. ' If;tlffe hei^t ^f t^e winddw ^ ^ 

"abo;ve the^ street is .[ 576 feet^ write a quadratic function whose 

; ■ , . /, \o4itput ds'the height. hti feel) of the iJalV aj;>ove the ground at ' ^ 

V , any*^ given second after it ife' released. \ 

^ ' \ ' ' . • ■ ' ^ 

. If '''t repf^sents a number of secoMs, ijhen' . , - " V *- 

. • ' - . # , ' ■ - ^ , } ' - ': * 

: : . . Function , . Description - of Out:put 

• ■ . ■ y " ■ • ■'. " . ' . , 

. * ' / . f : t -^ 576 '"^ ' Height in feet Of ball above the,.» 

■ " ^street at instant of '.^release - 

l6t^ , t > 0 * ' Nimber of feet ..the- ball falls 

in t seconds.-^ ." . ^ 

^ . . r- : X - xuu , u ^ ^ of 'the ball at V ' 

^/ * . . - ^. ^Y\e end of - t. setionds 



- \ ••■^ p. . t -^,576 -.■ l6t^, t > 0 Height ih feet of 'the ball ^at 



Thus (p. : t -*5T6 -. l6t^, 'is the requi-red function. 



: t >^ 576 l6t^, 
* - • » ' 



,1 

i? 



Exercises 2k'6a, ■ < , 

Use the function 7- : t -> 576^- .l6t , ., tV>'0^ to answer the following 
questions about the situation descrifed in Example 1. 

(A) How many feet .e^bpye tl:*' ground is the ball a^ the end of 2 . 

• seconds'? * ' ♦ » ' 

{b) How many, seconds, would it take f<^ a -ball dropped from a U7th . ^ 
■ story /window of the Time,-.Iiife Building to. hit the pavement- below? 

,Horatio'Lox ^stood at his off ifce^vindow «^ thiiu37th floor of the Time- 
Life Buildiogf fiis-cousin, Horatio Algae stood beside ^he Window of 
his" publishing.; office 'on the '^7th floor dir^tly above the office of 
Lox. At.a."t)rearr^nged signal, Algae fol*ded his newspaper and dropped 
it out 'O'f his window,, into -the waiting hands of Lox. If ' it took 

• exptctlj^ 3 seconds for the-pa^er to g^t from Algae^to Lox, how h±^ 
above the^groufid is^ EL 37th fipor'window? * ' ^ ^' 

A ball is dropped 'f^om the top of the Fidelity Union Towej in Dallap, 
Texas. After t seconds. tHe height s feet of, the "ball above the 
ground' is given by ^ 



^ . ■ • s i^OO*- ist^ and^ t > a. 



(a) What is. the height of Fidelity Union Tower? * 

(b) 'Hpw- does it tal^e for the ball to reach t^^ ground? - _ ; ■ 

'^^le Woolworth; Building in New York City is about" 1&\ 'feet high. 
ball is dropped from the ,top -ol the Woolworth Building. ' 

.(a) Write a function whose output is the height in fefet of the bal^ 
abo^e the ground at the end -of t - seconds. ^ 7' 

(■b> 'How Wg does it take for the ball to reach the grpund? - - 

.A flowe'rpot 'fall's from a 75th story windowsill* of the Chrysler puildi 
in Ngw York City." We 'knoy*that after t seconds the height s* feet 
of the- flowerpoj: above .the ground is given by the''equation ^ 

l(£k l6t^ ^ and t > 0 . ' - ^( ^ 



(a) How long does it iak^ for the flowerpot to hit ^jie sidewalk at ^ 
corner of Lexington Avenue *^nd Forty-Seco)?d Street directly 
ihe window? ^ * ' * * ^ 






.-^ ■; ■ •■'■■-•r^* ■ ■;. . ■ 

The distance from th,e,&5th story windjowsill of the Chrys 
I * ■ ' ■ ; . . • >^ . • . ; > 

Building to .the. roof, o^ the^^buil^ding i^j .22 feet. ' . How 

• the^ChWal^l'S^ilding?/' \, • 

Example 2. A bail is, thrown fl^m ground level .st^rafght up with ani^. 
rnlSrais. speek of &+rft/sec. . Since it-^has an Inmal upward - 
speed- or" 6i^- ' ft/sec/-^nd also is acted i^pon by the force ^fo. 
■ gravity., - at sfi)fc^ instant it will stop rising and begins to fall. 
Write a function whose output is the height in feet of, the ball' 
above :the ground at any second', t« . 

If ,t;* "represents a' number ofv^seconds^fvthen , ^. v 



^'.unction 

f : t &t; t >. O- 



t l6t t' XO 



Description of Output 

Number of feet traveled in' 
t -seconds at ' 6h ft/sec 

Nimber' of feet an object 
falls in , t ^econds 



S 



t ^^6kt - l6t , t > 0 > Height i,n feet of iDall ^b9ve. 



tjgf; the fflnction F 



Exercises 2^-j 



. the ground after ^ t seeoAds 



6ht - l6l;^;, 't > 0 to ar*swer the following, 
■questions a)30ut the situatVrL^^cribetfi in' ExamlDle 2-. , /• ■ 

,■ (a) Write the faction tp standarfl form. ■ ^ 

■(b) Does the f;inct^on have a maximum or a- n^nimto" value? . "^at, is ■ ■. 
■ , that valnas^ . , , ; . * * ; /Ts^' - 

■ (c) Wha1;'is the greatest height reached hy. the ball.? ^ In how 'many' , 
, \r-seconds does it i^each that height? . ^ ' 
" (d)- "Wtot'are the z^ros of the fun* ion? ■ In^ h^w many secQ-pds does 

. ;.*ttie ballS vet^j^fT^ the ground?). , ^'t. ,\ ^ . ' . ■ . , 

^ ✓'""^ ■ • ■ « ■ ^ 

(e) .'ih^^ow ma^ secpnds i^t^e'<height of fthe ball ab^eve trie . ground 

1^8 f^e.t? • J > * . ^- . . ' ^ V • .. ■ 

p. A ball^s thrown straight up f«rom the ground Vith. an initial -^sp^^fl 
"of /'ifS ft/s;ec. *^.Write a function Vho^e output js the'hei^t in |^t 
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of "the ball above the ground in t seconds., and use it^to answer 
..y^; the. fpllowl^np questions. ' " " • 

.;.,,;■;/ '( a )■• • After, how tnany seconds 'does the^^ll reach ilS highetet point? 

(b) How high does t'he ball'^^o' before it begins to '?al,l? * . ' ■■ 

•* . (c) As a raathematical model of the physical sijbuatioh, what is the* • . 
domain of the function? ■ . , ' . x 

^ A pellet is projected straight up. After a while it comes down, in 
••, the s?ime' vertical' path, to the place on the ground from which it was 
laiJ^ched. Aftei" t seconds the height s feet of the j)ellet above 
the ground is described by the equation., ' ^ • 

■ .. ■ • ' ^ \ s - l60t - l6t^ . f 

f (a) Afte^ how ntny seconds^ does the pellet reach its maximum hej-ght? 

(b) ' How high does the pellet go? ^ 

(c) What was the initial speed with vhich the pellet was projected? 

\ 1 ■ 

'(d) After how tnan^ secondi^^ does.-fehe pellet return.to the ground? 

• ' ' 2 

(e) For what set- of values of t does* the equation.- s = l60t i l6t 

. ■ Mr ^ 

actually serve as a raathenflit ical model of the physical sitCiation? 



Example 3. Suppose that you s-feand close to the. edge on the top of a ^ , 

building 80' feet tall." Ycru throw a ball upward with an initial^ 

speed 'of 61+ ft/sec in a nearly vertical path. As it descends ' 

the ball just mi-feses the edge-of/the building a|id lands on the • 

ground\elow. Write a .function whose output- is the height i^X.- 

■» • ■ ■ - * < 

• « feet of the ball abovB the gro.und at the end . of t seconds. 

ft " . ■■ 'A , • ' ■ «r ' . 

, If t. represei^ts a number of seconds, then- 



Function \ ■ ^ Description , of Output 

f t -> 80 ■ ""^^ Initial height of the. bai.1 

; , . * above the ground • 

* 

g t -> 6Ut, t •> 0 * 'Number of. fe^t traveled' "in 

' t seconds at -.Gh ft/sec 

2 ' ' * ■ 

h •: t -> l6t , t > 0^ I . ' Number of feet an object . 

. ^ . ; Q falls in t seconds 

••' - ^ ^ ''2 ' ^ 

T t ->.80 + 6ht - l6t^, t > 0 Height in feet of ball • 

. ■ " . . above the ' ground after " 

. --^ . J, ' ' ? ' • , t seconds 



. / . Exercises ' ^2U-^c 

2 



Use the function F : t -> 80'+ 6kt - l6t , t > 0 to-^nswer the 
\ following questions alDOUt the situation described in Example ^/ . 
• .(aV^Find F(0); What , is the height* of the ball above the gi^ound 
• • • . after zero s^onds? ' . 

•■(b) Find .F(l)' and F(33.^ What is the height of the ball above' 
• , the ground af'tef- 1 '^second? 'After 3 seconds? 

( c) Find /thei-yalues of t ' J0r which the output of F is 80 . 
• H^tNj^ny-seconds after'tjie ball is thrown does it.pafes .the edge 
• of the top of the building as it falls to the ground? 

(d) Wnali is the raaximurti heig;ht iof the ball above the ground? After , 
' • how' many seconds does ithteach its maximum height? : , .. 

(e) After hbT^ many' seconds doe^ the batll reach the ground? ■ 

(f) For what set of Values ; of ^;t does the function : serve aS' a 
mathematical model? , ; ; / ^ 

■ ' From the top towei^ l60 v^et tali a ba.^ is thro^ ^ownwa , i;g . ; 

^ With an initial speed of 48 ^Jib/sec. - \ . ^ , 

.» (a). Write a. funqtion whose outjput is the height in- fe6t of the ball ' 
above' the ground at the^^e^^pf ^ seconds. . ; ^ 
(b) Find the ^eros- of ihe funcfjtior). -I^i' how many seconds does thevl?all 

reach the ground? . ^ I'n / ' .. , * . 

■Ye) As a mathetnaUial rao-del of.the physical situation, what is the 

domain of 'the function? 'y- ; _ • ,^ ' . ' 

A railToad flatcar mpves- through a station on a ^rp-ck lowe,red so that- 
the platform of the' flatcar is 'On the, same, level as the, station plat- 
■ ■ fiirm.'The train is moving at ai' speed of. 32 T^sec. Tom stahd:s on • . 
'the' car; -^..s he passes Dick on tiie .station platf o.'rm , Tom tKrows' a^bail 
straight upward with an initial^' speed. of 6^^ After ' t second 

the ball is at a' horizontal distance of x feet .and a vertical dis- ■ 
tanc&of. y f§et from, the point Vhere- it. was thtown'. -The distances ■ 
.. X feet-and -y ■ feet are given -.by the equations \ 
^ " ■ ■ \ ' ^ o x=^32t. -.-V ;: A,- ■•■ \ 



and '■ ■• •/ , ^ ,. .1 

<^ • . ,. ■ . ' . ■ ' y = 6H - l6t^' 



\- ■ ■■■■ i ■ ■ ■' '■.*t.^ 



4 



(a) Why does Tom not. have'to move, to catch the ball? 

(.b) What the path of the. ba<Ll as; Dick sees it from the platfo.rm?" 

(c) ..Write jy , In terms of x . [ Hint : t = ? x ] 

' f 2 . ' ' 

^) Describe th^ graph of y = 2x - -gj^ . 

' • 

(e) For wha^t values iTf x does y = 0 ? 

^ . ■ ■ 0 

(f) What is t when x = 12&.? 

>^ ' . ■ ■ • 

(g) After- how many secopds dbeS Tom catch the ball?^ ' 

(h) How far down the platform from Dick does Tom catch the ball? 



r ' ' - ■ ■ ■■ i 

Zh^Jr- The Use of Quadratics in Solving Other Equations . •; 

' , ■ . : ■ 

* \ We have, seen how to solve quadratic equations of the general fotm t ■ 

ax^ .^?K)X + c = 0 for particular values of a b V an^. c a ^ 0 . We can 



aispfdeal with other equations which are not- quadratic in form, but for whl^'ch 
it i^ helpful to write an equivalejit open sentence whi?h involves ^ quadratic. 
One type, of eqyatiorT f or which this i6 true is an equation which ^^involve3 ;.a 
square root. , 1 

* . . -Example i. .Consider the sentence ^ • • ^ I 
■ . ; ' • ■ ^ ■ ^ ]■ 

f-' ■ • ■ . a - ^ = 2 - X . ■ ■ . . 

- . ■ ■ . ■ ., ■ % . ,1. 

For this sentence to be meaningful, we must state^ certain , 
" . ■ restrictions, -(l) We^know that if V x . is a real number, j..' 

then X is non-negative; that, is, 3C>0,' (2)^ .By definition, 
-/ X represents the non-negative number whose square is Xv,| . ' 
' that i3/2 - X > 0 ■ ■ , 

; , ■ . 2 - X > .0 <^ — r> ^x ^ - 2 ^' \ . 

* ■. • ■ ■ 

Thus we write the' compound sentence / x =2 - x ari5 ; 

0 < x < 2 . In -Order ^o solve this sentence we need, to square 

both sides of / x = 2 -^x ' ' ■ ' . ; / 

■ ■ I ■ ■ Squaring both sides oSan equation does pot always pfoduce an 

.equivalent eq\iation,. For re.af numbers a and b ,. if ' a =^ b , ^ ' 

2 2 2 2 ^ ' 

* then obviously a = b . .However, if a = b , can we ^e sure 
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\ ■ ■■■ , . ■■■■ ■ 

y ' ■ * ' ' 

that va-^=* b? No, since if a =' -b :it is also true <that ., 

'2 • 5 * • ' ■ ■ ' 

.a = b / ' .Howe-ver, the cOTi5)pynd sentence 

. .' ■ ■ » ' , • » 

■ ■ ■'a:= b. and a > Q, )^ > . ' " 

equivalent to a = b and a > 0,* b 0. \ S^^ ■ 

Thus we- can write , . *■ 

. , ' \ ■ "v" 

■fir = 2 - X and 0 < x < 2 , ■ 

- ■ ^ 2 ^ • ■ ■•■^^ 

<■ a. X = (2 - x) and -0 < x <;.2 _,;>;;/'^-'. 



2 

x = - i^-x + -X and .0 < x < 2 '\.^^- 
x^ - 5x + i^- = 0 and 0 < x'< 2 



yiius 



* ' ^ Solviilg x^ - ,5x + ^ = 0 . by the* methods; ,of th^ pre 

• w 0 section, we find th^t an equivalent sentence is 

(x 1 or ' X = i^) and 0 < x < 2. ^ ■ 

. ' . . /ffence the solution set of V x '= 2 - x is" {1}, ' ■ , ' -v 

*' ' ■ . ' Exercises - 2^-7^ ' . * 

• . ' (Class Discxxss.ion) * ' '/ o . 

• ' ^ For each of the following equation^^ write a compound sentence in- 
dicating the resfrictions on the- .variable. "\ . ^ ' 

•1,. t/2F = 1 +' X ^. /\-5. . 3>^x v+ 13 =^ X + 9 

2. . ■ . V2x +-.1 = X. + 1 ' ■ ■ ■ . ^ , ■ 6,»» ■ /5x - 1 ■= 1 ; ' 



•3. 



TTTli 1, = X- ■ ■ . Ax - 3 = /8x + 1- 2 



If; . -/ilx"' - K'^-f 3V 0- 



Exerclses 2^-7b 



' V, ■ state *the.sotiatigi^. set ^o 
''^ 1. ■ /ax = 1«+ X and kxx" > 0 . 
4 2. V2x +. 1 = X + 1 and* ^> - ^ * f 



a3. v^x + 1 = ST and x > -1 
If. .. t/S^T +".x -^3 =^ d and X > 3 
5*- ..Ax -. 3 ='V.Sx + 1 -'2 and x >':^ 
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Example 2.. Solve ,|x| - :f = 1, which" is equivalent; to |x| = x + 1, 
■ for all members o^ the replacement set? 

For this sentence. to be meaningful, what restriction is 
'. * •• • , • , ' 

• there on x • . Since |xk has been defined for all real N^umbers, 

there is no" reason to restri^ x to non-nejgative numbers-, v • 

However, recall' from the definition of | xf , 

c, . if . X > 0 U 
-X, * if X < 0 

that, no matter whether x . represents a negative or a non- 
negative number, the ^bsolutfe value of x (in symbolic form 
jxl ) i5 always, no n- negative. Thus the number rejpresented 
by * X + 1-, mtist be nOn- negative, * 

x + l>0 <r-> X > -1 ■■ , ^ 

Thus' we write the compound Sentence ^ ■ 

' * I x| - X = 1 and x > -1 , 

With-tVTis restriction,' we can now write the following chain 
of equivalences : 

■ ■ I x| - ■ X = 1 and ■ X > -1^'^=> I x| = x + 1 and x > -1 

^- ^ ' <:-t> |x|^ = (x + 1)^ and -x> -l 

■ V 2 2 

<^=> X =^x + 2x + 1 and 3V> -1 

0 = ax + 1 and x > -1 



X - and X > -1 i 



^The solution se.t- is {- - 



Sxerqise^ . 2^-7 C 

Fo'r each of the following equations, (a) write-* a . compound se»1ience 
indicating the restrictions on 'the variable if there are any, and (b) state 
the solutipn set Qf the compound sentence. 

1, ■ |2x| ?= X + 1/ . ^ U. X - |x| =*1 ' 




' ^Exatgple' 3«. Solve 1,+. -^^^ — .= '^ ^2 * * ■ " ^ ' 

■ •. ■ "■ ^ -> .. 

■ .For .tjjiis sentence to be meaningful, we restrict the^variable to 
' x ^ -^2, X / 2'. * Tlius.Ve write this, chain of equivalences ^ . 

+-!^.-^>and -x x / 2^^ • " . 

' ' - U + 1^ = 3x + 6 and X ^ -2, ' 2 

- 3x t 2 == O 'and x / ^-2, 2 , 
(x = 2 o.r Xj- 1) and^ X / -2 and x ji^ 2 



X 



■x.;= 1 * . 

The^ splution set is (l). ^ 

' X . • Exercises 2U-7d . 

For.eath of fhe following, (a) Turrit e' a^coippound sentence indicating 
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the restrictions on the variable, and (b)^state'the solution set of the 
conrpound sentence, .. . . 

1. ■ . x.vi ? 2 ■ 5. . 3^ = i- ,7n^^ 

'2. 'y+^ = i" '■ •' ■' 6. Vi^ = ^-.;V,. 

' : y , ,. - ■ _ , X - 1 . . ■ 

3. ■ y " • ' _ X 2 - X + 1 X + 2' 



' ^For each -of the follpwing problems:, (a) Wiyze-.the situation , and , 
-write an equation which is a suitable modef (b) solve the equation and 
(c) interpret the solution and ansyer the question in the problenl. ^ . 

'8. ' Find a positive number, which/ wKen diminished bf lU Is equal ^to * : 

* 51 ' times the reciprocal of the number. . 

• 9. ' . One pipe alone can fill a iub^in miniitefs' iess time tW^it takes 
■ " . a second pipe alone to fiir the same tub. ^ Both pipes together can'" . 

fill the tub in \ minutes. How long, does it take ea^ pipe alone ^ 
jhotill "the tub? ■ • . 

10^ . A motorboat can average 12 miles fee r hour in still 'water. To make 

a round trip of 16 miles upstream. and \ 16 miles ba'ck requLTOS. • - ' 
' ■ ' 3 hours. What is the rate of the current? . • , 



24f-:8. Summary 



Section, 2U"1> 



The -fipfction 



'2 ' * 

X -> ax + bx + c, a y 0 



is CaliedL a quac^^tlc fu-nction. The t^aph of siioh a jHnictign is -.called -a 



Section . 



' The pai^bola which is shown^ * ♦ 
in Figure 11 is tjie graph of the 
function • • • - * 

■A--. ... 2- • ■■ 

V. f*:- X ->ax *^,.bx + c,.. a = 1, ^. 

: •' . . "-b = 0,^ s^= 0. . . ' • , ( 



That is, it.jfs the graph of 



which we refer to as the "basic" \>/ 
quadratic function.. 



^ ' T • 
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Figijre 11 



'2^* r . . 

x ->ax -Is a parabola: that, opeas 



For .a > 0.-"the graph of f 
upward , with its lowest point at the oi*igin.. Its domin is the set ''of all 
real, numbers, its "range is [y y > O}. ^ Except atAhe Origin, . the graph 
.vQf • f ^ X Sii^ lies below the gjaph of the basic* function if- 0 < a 
i^t lies aboye the graplr of' the basic Junction if a > 1. • . 

• For a > 0, the graph of g x ~> -ax^ iS' a parabola that opens 
downward, with its, highest point at the origin. The graph is the reflection- 
on the 3C-axis of the graph of fC: x ax The 'domain of function g is 



the set of all real members ; the 



of function g is. {y : y < 0)- 



.A frequently used notjation for indicating the output of a function, f 
for 'a given input ni-. is f(n), ^ read "f . of _ n", or "f at n".' Thus* • 

f ^: X -*f(x), where f(x) = x . ^ . ... 

says '"function f assies to each input x from the domai^-an output' f(x) 
such that " f(x) is x " ^ 



iQ5 
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"The grapKof f : x ^ x >s also' referred to as the graph 
f<x) , ' and as, the graph of y x^. . -^toj^^oint on the grap11>€|.n be des- 
• crib^d as' .(x;y)>^ or as. (x,x^)., v or as* (5c,f(x).). ' 



Section 2t^-3> - ' ' . 

• . ' The graph of the-4iuiction 



-f k, a / 0 ^ ^ • ■ * • ^ 



f : X'^ ax + k, a / 0 ^ 

2 



' is a translation of the graph of g : x ^ ax , a V 0. If ^Jc > 0, the • 

translation, is upvardj a- distance of k units; if k < 0, .the translation . / 

is dovriward a distance of ]k| . units. ^ 

' * • ■ * 

The. graph of^ ' ' 

i ' ■ ' f : X ^ a(x - h)^, a / 0 . 

is also' a \.ranslatioh of the graph'of^ g x ax^ , ,a / 0 . This time the 
.translation is to the right a distance of h units if h > 0, and to the ^ 
' left |h| units if h < 0 ^ 



'!Itoe graph of <^ 

* 2 ' 

f : X ^ a(x - h) + k, a / '0 



is a translation of the graph of g ' : x ax , . a 0 , to the left or right^ 
|h| units and upward^or downward jkj 'Units. /. 

' Each parabola has an axis of sywietry, referred to as the axl^of tHe 
. ■ parabola. • The intersection of 'a parabola with its axis is called the vertex- 
..of the^rabo]^a. For the Tunct.ion f : x H.a(x h)" + k, a / 0, if 
a^> 0, the graph opens upward and the vertex ' (h,k) -is itg lowest point; 
" if -a" < 0, th6 gra^h opens downward and l^he point (h,k); its highest 
' ' point. The value of k is the minimum (or maxlrraum) .output value of . 

. function f , and the value ^of h is the input for whicl^ k .i^ ^he output. 
' ' *^ . • • 

Section 2^^-^^. • f > • . • 

• . The^ general quadrat-ic ' function ^. *' ' > o . 

f : X ^ ax^ + bx + c, a / p , : 

can l?e rewritten in the "standard" form 

2 

. . , f — X -> a(x -..h) + k./ a / T) * ^ '' 

by a- procedure calledi'^cotnpleting the^^square". 



X ■ For any 'fund^on, the' ipputs /(rhi 
" are called z^s of the funcMon. The /zerQs oT^fUnction are the rbots 



rhich fesUlf injoutput values, of ^ 



(or solutions ) of tJ^e eq:uation. yhiOh states that the output of the .function 
is zero. . . * . ^ . 

• : 'The set of "real numbers which are roc^s of any quadratic- eq^uation^ can 
t be. detennined Jby' rewri-^ing the e^iressio^which is "th^ .output of the function 
in "standard'- ■>^prni.. •, Then ' ♦ ^ * . ... 



a{x;- h)^ + k = b. and' a j^' 0<?=^ a('x - h)^ = -k and a 



t 



(x - hr 

V 

f 



- - Ind a / p.' 



If, 0, the equation has no real roots.; otherwise, it has eithef one 

a ' / » • 

' or two real roots. ' ' 

' • ». ■ • ' 

Section 2h''6. 

QuadratiQ equations can be used to model " physical situatior^s which 
, aj)ply Galileo's observation that the distance .traveled b^ falling object 

is^-'functipn of trie time ' spent in- falling. - "* . , 
* ■ represents a numbe^ of seconds and t > Or .then^ 



Function 




t ^ bt - i6t'' 



+ bt - l6t'' 



Description of Output ^ - • 

Number' of feet an object falls in 
t. seconds ^ ' • 

Distance (in fe^t) above ground after 
t ' seconds of an object dropped from 
a height of- £ feet , • 

Distance (in feet) above ground after 
t . seconds, of an object tossed i^pward 
'at a rate of . b ft /sec ' . . 

Distance (in feet) above ground after 
t seconds of an object tossed upward 
from a height of a feet at a rate 
of b • ft/sec. 



Section '21^-7 . • "• 

Some equations ^hich are not (Quadratic in form can be solved by 
methods which leafi to. quadratic equations. ^ >j 



x(l).' If the- equation involves square root, squaring Both sides may be 
' helpful. Since V ^ 



a = b ^nd. " a >.0 ,b > 0* 



2 2 - ' 
" a . = b knd a > 0 , 



b >^0 



it is necessary* first of "all to writ^* a compound. sentehce stating restrictions 
■ on'the variable to insure that th^ number under trie radical sign is non- 




negative, a,rid that "QXe square root is a positive number. 

0 ^ 



Squaring both sides oT an eqij^tion. may. aUso bie helpfigil if 



quai 



qua t ion 



tonce^ns the absolute value of an\expressiQn involvings th^ varial^e. In ' 
■b^s case,, the restriction on the variable wust^insure that the absolute value 



Xb a positivE number. 
) V 



(3) Another situation which may lead t^o a quadratic equation is the solution 
Of a fractional equation. With restrictions stated to insure that no . 
denomii^tor has ^ the value 0, applying the multiplication property of 
equality *raay le^ to a quadratic equation.^ , 




C 



108 



112 



